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Abstract. With Adaptively Weighted (AW) numerical integration, for a given set of quadrature4
nodes, order and domain of integration, the quadrature weights are obtained by solving a system of5
suitable moment fitting equations in least square sense. The moments in the moment equations6
are approximated over a simplified domain that is homeomorphic to the original domain, and then7
are corrected for the deviation from the original domain using first-order shape sensitivity analysis.8
The moment corrections enable the resulting quadrature weights to adapt to the original domain of9
integration automatically and efficiently.10

In this paper, we study the convergence of the AW method and a practical way to estimate11
the error due to moment approximations in an a posteriori sense. We prove that the AW method12
converges quadratically w.r.t. the maximum design velocity based on Taylor’s remainder theorem.13
We also propose a simple a posteriori error estimate, based on higher-order Taylor series, that can14
be used in adaptive numerical integration. We support the developed error estimates with suitable15
computational examples in 2D.16

1. Introduction. Adaptive numerical integration refers to the process of ap-17

proximating the integral of a given function to a specified precision by adaptively18

subdividing the integration domain into smaller domains over which a set of local19

quadrature rules are applied [41]. All adaptive algorithms for numerical integration20

have a general structure that consists of the following four main steps [23]21

1. Choose some subregion from a set of subregion(s)22

2. Subdivide the chosen subregion(s)23

3. Apply the integration rule to the new subregions and update the subregion24

set25

4. Update global integral and error estimates and check for convergence26

The corresponding components that distinguish these adaptive algorithms are (1)27

type of representation used for subregion set, (2) a subdivision strategy and (3) an28

integration rule and an error estimator. Error estimation is a key step in this process29

that enables adaptivity. Error estimation in one dimension (interval) is very well30

understood and many estimators have been developed since 1960s [41]. One popular31

technique is to estimate the error in the actual integral
∫ b
a
f(x)dx as32

e ≈ |In1 [a, b]− In2 [a, b]| (0.1)33

where In1
and In2

are integrals computed using quadrature rule of different degrees.34

This error estimate is based on the assumption that if the estimate In2
is a better35

approximation of the integral than In1 , then the difference between both estimates36

will be a good estimate of the difference between In1 and the actual integral [23].37

Another class of error estimators are based on the following38

e ≈ |I(m1)
n [a, b]− I(m2)

n [a, b]| (0.2)39

where I
(m1)
n and I

(m2)
n are integrals computed using two different quadrature rule40

(such as Gauss quadrature and Clenshaw-Curtis [41]) of the same degree (n).41

Other types of estimator work on analytically bounding the error in the quadra-42

ture using some form of Taylor series expansion and invoking the Taylor’s remainder43
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theorem. These type of estimates (known as “a priori error estimate”) are useful to44

know the order of convergence of the quadrature scheme. These estimates usually45

involve higher order derivatives of the integrand that are not very easy to compute46

as the function f is not known “a priori”. However, some authors [21, 22] advocate47

approximating these derivatives in order to come up with a computable error esti-48

mate. Such error estimates can also be used to drive the adaptive integration process.49

Many error estimators have been developed in the last 50 years for the 1D interval50

and we refer the reader to [41] for details. Likewise, many error estimates have been51

developed for a variety of regions such as hyper-rectangular regions [14], triangles [17]52

and tetrahedra [13].53

In short, adaptive quadrature over one- and two-dimensional domains is well54

understood, and in fact many commercial packages such as QUADPACK [42] and55

MATLAB [37] supports adaptive quadrature. Specifically, MATLAB [37] provides two56

functions int and quad2d for adaptive quadrature over intervals and planar regions57

respectively. These two functions also return an upper bound of the relative/absolute58

error in the final computed integral.59

Much of the work on error estimators developed so far are mainly in the context60

of integrand adaptivity over simple domains. However, to the best of our knowledge,61

not much has been done with respect to geometric adaptivity. Hence, in this paper62

we will focus on estimating the error w.r.t. geometric adaptivity. Specifically, we will63

develop error estimators for a geometric adaptive numerical integration scheme called64

the Adaptively Weighted Numerical Integration (AW) that was recently developed by65

the authors [57, 58].66

In AW scheme, given an arbitrary domain Ω with a set of appropriately chosen67

quadrature nodes and order of integration, we compute the quadrature weights by68

solving a system of linear moment fitting equations [25, 48, 61] for an appropriate set69

of basis functions in the least square sense. Setting up the moment-fitting equations70

involves computing integrals of the basis functions (known as moments) over an arbi-71

trary geometric domain. This task itself is non-trivial, because it either entails some72

kind of domain decomposition, or can be reduced to repeated boundary integration73

as was proposed in [6] for bivariate domains. Adaption of the latter approach avoids74

excessive domain fragmentation, but leads to a significant computational overhead,75

particularly in 3D. This challenge is overcome by first computing the moments over76

a simpler domain Ω0, usually a polygon/polyhedron, that is homeomorphic to and is77

a reasonable approximation (in a Hausdorff distance sense) of the original domain Ω.78

The computed moments are then corrected for the deviation from Ω based on first-79

order Shape Sensitivity Analysis (SSA) [33]. The moments over approximate domain80

are further reduced to boundary integrals by the application of divergence theorem81

[60, 18, 16, 10, 19]. The approximate moment fitting equations, thus obtained, can82

then be easily solved for quadrature weights that adapt to the original geometric83

domain – hence the name Adaptively Weighted Numerical Integration (AW). The84

resulting weights are not exact, but are accurate enough to integrate functions over85

any arbitrary domain when they are well approximated by the chosen set of basis86

functions.87

In this paper, we develop an a priori and a posteriori error estimator for AW that88

estimates the error in the integral due to moment approximations based on Taylor’s89

remainder theorem and higher-order Taylor series respectively. We prove that AW90

converges quadratically w.r.t. design velocity. As a result, AW method converges91

quadratically w.r.t. integration mesh size. The a posteriori error estimate that we92

have proposed can be computed by solving a simple adjoint equation. From the93
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context of adaptive numerical integration, this error estimator can be localized over94

every cell of the mesh. Thus, the a posteriori error estimator can be effectively used95

in driving an adaptive grid refinement process.96

In section 2, we review the relevant background literature necessary to understand97

AW method. In section 3, we discuss all the possible sources of error in AW integration98

and ways to eliminate or estimate them. We develop the necessary theorems and99

lemmas for a priori and a posteriori error estimation of AW method respectively100

in sections 4 and 5. We also give relevant computational examples to support the101

theorems developed in these two sections. It is followed by conclusions in Section 6.102

2. Background. In this section we will briefly review the relevant background103

material necessary to understand Adaptively Weighted Numerical Integration (AW)104

method closely following [57, 58]. For a detailed survey of numerical integration and105

error analysis literature we refer the reader to [57, 3, 44, 43, 8] and [53, 8, 55, 11]106

respectively.107

2.1. Divergence Theorem. Several authors [60, 16, 18, 10, 19] have advo-108

cated the use of divergence theorem to integrate symbolically integrable functions over109

polygonal/polyhedral domains (Ω0 ⊂ Rd, d = 2 or 3 ). Here, application of diver-110

gence theorem (once for polygonal domain and twice for polyhedral domain) converts111

the 2D/3D integral into an 1D integral over the edges of the polygon/polyhedron.112

The resulting integral is then efficiently evaluated using 1D Gauss quadrature rules.113

The integral of a symbolically integrable function bi(X) over a polygonal/polyhedral114

domain with n∗ edges/faces (i.e. Γ0 = ∪n∗k=1Γk0) can be reduced to the following115

boundary integral by the application of divergence theorem (see [57, 58] for details):116 ∫
Ω0

bi(X)dΩ0 =

n∗∑
k=1

∫
Γk
0

βiX(X)Nk
XdΓk0 (0.1)117

Nk
X is the X-component of the normal to the kth edge/face (Γk0) of the polygon or118

polyhedron and βiX(X) =
∫
bi(X,Y )dX for polygons and βiX(X) =

∫
bi(X,Y, Z)dX119

for polyhedra. In the case of polyhedra, one more application of divergence theorem120

to Eq.(0.1) would reduce the original integral into a 1D integral over the edges of the121

polyhedra.122

2.2. Moment Fitting. For functions that are not symbolically integrable, Som-123

mariva and Vianello [4] used Green’s integral formula with thin-plate splines basis124

functions to obtain a meshless cubature method for convex, nonconvex and even mul-125

tiply connected polygonal domains. In general, a quadrature in Rd is a formula of the126

form :127
n∑
i=1

wif(xi) ≈
∫
Ω

W (x)f(x)dΩ (0.2)128

where Ω ⊂ Rd is the integration region, f is an integrand defined on Ω, and W (x)129

is a non-negative weight function (W (x) = 1 in this paper). A quadrature rule is130

determined by points xi ∈ Rd that are usually called quadrature nodes, and the131

quadrature weights wi [61]. A standard technique for constructing quadrature rules132

is to solve the following system of moment fitting equations [25, 48, 61]133 
∫

Ω
W (x)b1(x)dΩ∫

Ω
W (x)b2(x)dΩ
· · ·∫

Ω
W (x)bm(x)dΩ

 =


b1(x1) b1(x2) · · · b1(xn)
b2(x1) b2(x2) · · · b2(xn)
· · · · · · · · · · · ·

bm(x1) bm(x2) · · · bm(xn)




w1

w2

· · ·
wn

 (0.3)134
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The same equations may be written in a more compact form as135

{M}m×1 = [A]m×n{W}n×1 (0.4)136

with137

{M} =


∫

Ω
W (x)b1(x)dΩ∫

Ω
W (x)b2(x)dΩ
· · ·∫

Ω
W (x)bm(x)dΩ

 (0.5)138

where {bi}mi=1 is the set of basis functions1 and {M} is the vector of moments defined139

over the domain of integration Ω.140

The quadrature nodes and the corresponding weights {xi, wi}ni=1 can be deter-141

mined numerically by solving the above set of moment fitting equations. The resulting142

quadrature rule can be used to integrate any function that is in the function space143

spanned by these basis functions, assuming that the integral of basis functions and144

solution to moment fitting equations were computed exactly. Each integration point145

in d-dimensions contribute d+1 unknowns: d coordinate components and one weight.146

Thus, d m
d+1e could serve as an estimate for the number of points required to integrate147

m basis functions in d dimensions [52]. We refer the reader to [61, 38, 51, 27, 28] for148

the application of this method in generating quadrature rules for convex/non-convex149

polygon/polyhedron. Recently, Joulaian et al. [30] applied this idea to the leaf cells of150

octree and demonstrated its application in the context of Finite Cell Method (FCM)151

[26] over more general 3D domains. However, in practice, repeated and accurate152

integration over the boundary of an arbitrary domain is computationally expensive.153

2.3. Adaptively Weighted Numerical Integration. Adaptively weighted154

numerical integration (AW) method [57, 58] was developed by the authors specifi-155

cally for integration of functions that are not symbolically integrable over arbitrary156

domains using a non-conforming grid. We begin by noting that the moment equations157

(Eq.(0.3)) are not easy to solve as they form a system of non-linear equations. This158

is because [A] is non-linear in the position of quadrature points and the unknowns of159

these equations include the position of quadrature points in addition to the weights.160

Thus, these unknowns can only be determined by solving a non-linear system of equa-161

tions using non-linear solution techniques (such as the Newton-Raphson method [59])162

that are computationally expensive. However, if we fix the position of the integration163

points as in [52], the equations become linear in weights and hence can be solved164

easily. Knowing {M}, one could solve the moment equations for weights using linear165

least squares as166

{W}n×1 = [A†]n×m{M}m×1 (0.6)167

[A†] is the Moore-Penrose pseudo inverse [20]. One popular stable algorithm to nu-168

merically compute [A†] is based on the QR factorization [35].169

Thus, given an arbitrary domain Ω with a set of appropriately chosen quadrature170

nodes and order of integration, quadrature weights are obtained in this method by171

solving a system of linear moment fitting equations [25, 48, 61] for an appropriate set172

of basis functions in the least square sense. Setting up the moment-fitting equations173

1Popular choices of basis functions include the bivariate polynomials xpyr (p + r ≤ o) and
trivariate polynomials xpyrzs (p + r + s ≤ o) in 2D and 3D respectively (for the given integration
order o). Other recommended choices of basis functions include Legendre and Chebyshev polynomials
[5].
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involves computing integrals of the basis functions (known as moments) over an arbi-174

trary geometric domain. This task itself is non-trivial, because it either entails some175

kind of domain decomposition, or can be reduced to repeated boundary integration176

as was proposed in [6, 30]. Adaption of the latter approach avoids excessive domain177

fragmentation, but leads to a significant computational overhead, particularly in 3D.178

This challenge is overcome by first computing the moments over a simpler domain179

Ω0, usually a polygon/polyhedron, that is homeomorphic to and is a reasonable ap-180

proximation (in a Hausdorff distance sense) of the original domain Ω (see Fig. 1). The181

computed moments are then corrected for the deviation from Ω based on first-order182

Shape Sensitivity Analysis (SSA) [33]. Thus,183

Mi ≈
∫

Ω0

bi(X) dΩ0 + C (0.7)184

with the correction term C defined as :185

C = t

∫
Ω0

∇ · (bi(X)V̂(X))dΩ0186

=

∫
Ω0

∇ · (bi(X)V(X)))dΩ0187

=

∫
Γ0

bi(X)VN (X)dΓ0, (0.8)188

where V = tV̂ is the design velocity and VN (X) = V(X) · N(X) is the normal189

component of the design velocity at a point X on the boundary Γ0 of the reference190

(piecewise linear) domain Ω0. The correction term C can be easily derived by the191

straight forward application of first-order shape sensitivity analysis (for details refer192

to A.1). The moments over approximate domain are further reduced to boundary193

integrals by the application of divergence theorem [60, 16, 18, 10, 19]. Thus, the final194

approximation of Mi is given by replacing the first term of Eq.(0.7) by an equivalent195

boundary integral (Eq.(0.1)) and the second term by its equivalent expression from196

Eq. (0.8) to obtain an approximation to the moment over arbitrary domain Ω as197

Mi

∣∣∣∣
Ω

≈
n∗∑
k=1

∫
Γk
0

[βiX(X)Nk
X + bi(X)VN (X)]dΓk0 for i ∈ {1, 2, ...,m} (0.9)198

The resulting boundary integral can be evaluated accurately and efficiently. For 2D199

domains, approximate {M} could be obtained from Eq.(0.9) simply by employing the200

usual Gaussian quadrature over the edges of the polygon. Similarly, integration over201

3D domains bounded by triangles or convex quadrilaterals is straightforward. For202

more general 3D domains, we proceed in two steps. First, we compute the appropri-203

ate weights for a chosen set of quadrature nodes for each of the polygonal faces of the204

approximating polyhedron by solving the moment fitting equations (Eq.(0.6)) with205

exact {M} given by Eq.(0.1). Then, using the determined weights for the polygonal206

faces, we obtain approximate {M} for the arbitrary 3D domain by numerically eval-207

uating Eq.(0.9) over the faces of the polyhedron. Using this approximate {M}, the208

approximate weights for the arbitrary domain are obtained by solving the moment209

fitting equations i.e. Eq.(0.6).210

The second term in the integrand of Eq.(0.9) is the shape sensitive term that211

accounts for the deviation of the original domain Ω from the polygonal/polyhedral212
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domain Ω0. In other words, this term ensures that the weights determined using the213

moment fitting equations (Eq.(0.6)) adapt to the domain of integration. In fact, the214

exact moments for a polygonal/polyhedral domain can be recovered from Eq.(0.9) by215

simply omitting the second term. In general, as the polygonal/polyhedral approxima-216

tion (Γ0) approaches (in Hausdorff sense) the boundary of the original domain (Γ),217

the second terms goes to 0, and the first term approaches the exact moments for the218

original domain.219

Note that the second term requires the computation of VN . For our purposes, it220

is sufficient to assume that the design velocity vector V̂(X) is piecewise continuous221

over every edge/face Γk0 of Ω0. Then, the perturbation of the domain by distance γ222

in the direction normal to the boundary is x−X = γN(X), which implies that223

VN (X) = V (X) ·N(X)224

= tV̂(X) ·N(X)225

= t
x−X

t
·N(X)226

= γN(X) ·N(X) = γ (0.10)227

Thus, VN (X) is simply the shortest distance (γ) from X to the original boundary (Γ)228

as measured in the normal direction.229

Fig. 1. The reference (Ω) and deformed (Ω0) domains of SSA

The approximate moment fitting equations, thus obtained, can then be easily230

solved for quadrature weights that adapt to the original geometric domain. The231

resulting weights are not exact, but are accurate enough to integrate functions over232

any arbitrary domain when they are well approximated by the chosen set of basis233

functions.234

2.3.1. AW Algorithm. The AW algorithm follows essentially the same steps235

for 2D and 3D domains, and produces a set of integration nodes and weights that can236

be used to integrate any sufficiently smooth function over domain Ω. For the purpose237

of analysis, we assume that the shape is bounded by a degree k curve/surface and238

that k is known a priori (or at least can be estimated a posteriori). Conceptually, the239

procedure consists of the following three subtasks that we describe below in detail.240
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ERROR ANALYSIS OF ADAPTIVELY WEIGHTED NUMERICAL INTEGRATION 7

Initialization. involves setting the data structures required for solving the system241

of moment equations (Eq.(0.6)). Note that the dimensions of the matrix [A†] depend242

on the choice of basis functions and on the number of integration nodes, both of which243

depend on the required order of integration. Specifically, initialization consists of the244

following steps:245

1. Choose a piecewise linear domain Ω0 (polygon in 2D or polyhedron in 3D)246

that is homeomorphic to and is a reasonable approximation of the original247

domain Ω. There are many ways to accomplish this and we will see some248

examples in the following section.249

2. Determine the order of integration (o) based on the function to be integrated.250

Choose a set of basis functions {bi}mi=1 of order up to o. A simple choice is251

the trivariate polynomials xpyrzs (3D) or bivariate polynomials xpyr (2D).252

3. For the chosen order of integration (o), determine the number and location253

of quadrature nodes. The minimum number of quadrature points required is254

dictated by the solvability of moment fitting equations. By having as many255

equations (basis functions) as the number of unknowns (weights), we make256

matrix [A] invertible and thus eliminate the need for least squares solution.257

Hence, the minimum number of quadrature points required is equal to the258

number of basis functions (m) chosen in the previous step. However, in gen-259

eral, choosing more quadrature points (n) than this minimum number would260

result in a rectangular system that when solved in a least square sense re-261

sults in n−m quadrature points with zero weights. Moment fitting equations262

also offer a lot of flexibility in positioning the quadrature points. There are263

a number of ways to choose the quadrature points. One simple scheme is264

to use the tensor-product rule ensuring all points are inside the domain as265

explained in [9] (for e.g., see Fig. 2). In addition, it is best to ensure that all266

the quadrature nodes lie within the approximate polygon/polyhedron (Ω0) as267

choosing points outside Ω0 will lead to dealing with the discontinuity of an268

otherwise continuous integrand (as in characteristic function approach) and269

thereby deteriorating AW’s accuracy.270

Fig. 2. Quadrature points generated based on Cartesian-product rule such that the points lie
within the domain of integration (Ω)

Compute Moments. The left hand side of Eq.(0.4) is a vector of m moments, one271

moment for each basis function. The moment computation is a two step procedure272
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and can be summarized as follows273

4. Determine the quadrature nodes and weights for each edge (2D) or face (3D)274

of the simplified domain Ω0. If the edge/face approximates a surface of degree275

2k − 1 in the original boundary Γ, choose the integration order to be (o+ k)276

(for example, k = 2 for conic sections and quadric surfaces).277

5. Using the basis functions selected in step 1, evaluate the approximation to278

{M} over the original domain Ω from Eq.(0.9), by summing contribution over279

individual edges (2D) or faces (3D) of the approximate domain Ω0 (using the280

quadrature nodes and weights determined in step 4).281

Solve for weights and evaluate.282

6. Compute [A†] for the preselected set of basis functions (step 1) and quadra-283

ture nodes (step 2) using say QR factorization [35].284

7. Using the {M} from Step 5 and [A†] from step 6, compute the approximate285

weights for the arbitrary domain Ω from {W} = [A†]{M} (Eq.(0.6)).286

8. Finally, evaluate the approximation to the required integral by using these287

weights in Eq.(0.2) i.e.
∫

Ω
f(x)dΩ ≈

∑n
i=1Wif(xi).288

It should be clear that the same algorithm may be used in most situations, with289

steps 4 and 5 depending strongly on type, dimension, and representations of the290

geometric domain Ω and its approximation Ω0. This integration scheme could be291

advantageously employed in cell decomposition methods, for example using quadtrees292

[29] or octrees [39], to reduce fragmentation. In [57, 58] we have demonstrated the293

efficacy of this method for integration of polynomial functions over several 2D/3D294

domains and its application in the context of Finite Cell Method [26, 49] in solving295

elastostatic problems.296

3. Errors in AW method. In this section we will look at all the possible sources297

of error in AW algorithm and ways to avoid and/or estimate the errors. However,298

numerical errors due to fixed-precision arithmetic is a common problem in any nu-299

merical process and there are well-understood ways to estimate/eliminate these errors300

as explained in [53]. Hence, we will ignore fixed-precision arithmetic errors and focus301

only on other types of error arising in the AW algorithm.302

3.1. Violation of homeomorphic assumption. When Ω0 is not homeomor-303

phic to Ω (Step 1) or when the normal mapping assumed between Ω and Ω0 is not304

bijective, it violates the fundamental assumption of SSA and therefore can lead to seri-305

ous accuracy issues. This can occur due to the presence of small geometric/topological306

features such as small notches, holes, inclusions, thin features and noisy boundary.307

This can be partially eliminated by careful construction of Ω0. There are many ways308

to construct Ω0 automatically given Ω via volume meshing [40] and quadtree [39]/309

octree [29] based polygonization. One way to ensure homeomorphism (and bijectivity310

of the normal mapping) using such a construction is to use a sufficiently finer poly-311

gon/polyhedra appropriate to the complexity of the original domain Ω. We will see312

the effect of violation of this assumption in the presence of noisy boundary and ways313

to overcome it in Example 2 of Section. 4.314

However, the presence of small topological features could present a serious prob-315

lem and will have to be dealt with using special means. Fig. 3 illustrates this situation316

in which the void is completely situated inside the cell. Since all vertices of a cell are317

inside the geometric domain, this void is missed during the construction of approxi-318

mate polygon/polyhedron, and, as a result, the integration accuracy will deteriorate.319

There are several ways to detect such small features. If the user knows that small320

features exist in the domain geometry, an initial grid with tighter spacing (Fig. 4(a))321
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can be provided to ensure a cell corner intersects the feature. This is a simple way322

to globally ensure that features down to a given size are detected and accounted for.323

However, because the increased grid resolution applies everywhere in the domain, in-324

cluding regions where it is not needed, it can unnecessarily drive up the computational325

cost. This approach can be optimized if an additional information about location of326

small geometric features is available. In this case, as it is illustrated by Fig. 4 (b) and327

Fig. 4 (c), a denser grid is imposed within a cell or a non-uniform adaptive subdivision328

can be done depending on the location of small features.329

Fig. 3. Features smaller than the integration grid resolution are missed

Fig. 4. Capturing the effect of small features by (a) uniform subdivision (b) overlaying of fine
grid and (c) non-uniform adaptive subdivision

3.2. Insufficient/inappropriate choice of basis functions. When the choice330

of basis functions {bi}mi=1 (Step 2) is inappropriate/insufficient then the integrand331

f /∈ span({bi}mi=1) resulting in integrand error. In some practical applications such as332

the FEM [11] and its variations [26, 12], it is not difficult to determine the degree or333

nature of the integrand exactly. In such cases, this problem can be completely avoided334

by choosing appropriate number/type of basis functions. In certain other applications335

such as [36, 31, 32], it might be difficult to estimate/know this beforehand and hence336

can significantly affect the integral accuracy. However, as we have already stated in337

section 1, estimating integrand error is a well understood subject and hence will not338

be the focus of this paper.339

3.3. Insufficient number of domain quadrature points. Choosing fewer340

domain quadrature points (Step 3) than the number of basis functions can result in341

an over-determined linear system i.e. m > n in Eq.(0.4). This can result in error due342

to linear least squares [53] in Step 7 of the algorithm. This error can be completely343

eliminated by making [A] a square invertible matrix by choosing appropriate number344

of quadrature points (n) equal to the number of basis functions (m).345

3.4. Inappropriate location of domain quadrature points. In general,346

choosing domain quadrature points outside Ω or Ω0 is known to affect the accu-347

racy of AW method [57]. However, in general, choosing random points such that they348

lie completely inside both Ω and Ω0 can help eliminate this error completely [58].349
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However, choosing quadrature points that lie close to each other can affect the con-350

dition number of [A] thereby deteriorating the accuracy of the method. One simple351

way to eliminate this problem is to first check the conditioning of [A] before solving352

the linear system. This way, one can throw away the generated quadrature points if353

[A] is poorly conditioned and generate a new set of points until the condition number354

improves. Alternatively, one could use approximate Fekete points as suggested by355

Sommariva and Vianello [5] to alleviate this problem to a large extent.356

3.5. Inaccurate Moment Computations. Inaccuracy in moment computa-357

tions (Eq.(0.9)) can be attributed to the following :358

a. Inaccurate distance computations Distance computations (Vn) are re-359

quired in the calculation of moments in Eq.(0.9). The accuracy of distance360

computation is dependent on the representation of Ω and the algorithm em-361

ployed. One simple way to compute this distance is by a simple ray casting362

algorithm [50] as illustrated in Fig. 5.363

Fig. 5. Design velocity is simply the distance to the boundary in a direction normal to Γ0

If we know that ζ is the absolute maximum error in distance computations,364

then the error in the integral of ith basis function (dMi) due to inaccurate365

distance computations can be shown to be bounded above by the following :366

|dMd
i | ≤ ζ

∣∣∣∣ ∫
Ω0

bi(X)dΩ

∣∣∣∣367

= ζ

∣∣∣∣ ∫
Γ0

βiX(X)NXdΓ0

∣∣∣∣ (using Divergence Theorem) (0.1)368

b. Boundary integration error The evaluation of moments (Eq.(0.9)) is es-369

sentially an integral over the polygonal/polyehdral boundary (Γ0). Unlike370

the first term in Eq.(0.9), the second term is hard to evaluate due to the371

presence of the velocity term VN that in turn depends on the complexity of372

Ω. Thus, one often requires 1D/2D integrand adaptivity to accurately inte-373

grate the velocity term. However, fortunately, integrand adaptivity is very374

well understood as already stated in section 1 and these techniques can be375

employed directly to estimate the boundary integral error in the evaluation376
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of moments. If, ebi is the upper bound of the integral of bi due to boundary377

integration error, then378

|dM b
i | ≤ ebi (0.2)379

c. First-order Taylor series approximation In AW method, we apply first-380

order shape sensitivity analysis (SSA) (Eq.(0.9)) and estimate the moments381

over Ω using an approximate domain Ω0. This error can be estimated by382

using Taylor’s remainder theorem as we will see in the next section. If, esi383

is the upper bound of the error due to Taylor series approximation using384

first-order SSA, then :385

|dMs
i | ≤ esi (0.3)386

Thus, the total error in the computation of ith moment is bounded by387

|dMi| ≤ |dMd
i + dM b

i + dMs
i | ≤ ζ

∣∣∣∣ ∫
Γ0

βiX(X)NXdΓ0

∣∣∣∣+ ebi + esi (0.4)388

and an a posteriori error estimate of the computed integral (using AW) can389

be estimated as (see section 4 for details of this derivation)390

|e| ≤ {dM}T {z} (0.5)391

where z is the adjoint solution obtained by solving [A]T {z} = {f(Xi)} and392

{dM} is the estimate of the total error in moments.393

In the remainder of the paper, we will assume ζ = 0 and ebi = 0 and so |dMi| ≤ esi . In394

other words, we will ignore/eliminate the error due to boundary integration/distance395

computations and consider only the error in moments due to first-order Taylor series396

approximation.397

The focus of this paper is to develop an a priori and a posteriori error estimate398

of AW scheme due to the first-order Taylor series approximation of the moments.399

4. A priori Error Analysis. In this section, we will develop an a priori error400

estimate for AW due to first-order Taylor series approximation of moments using401

Shape Sensitivity Analysis (SSA) [33]. We will also provide numerical results to402

support the theoretical estimates.403

Assumptions. We will assume the following in order to establish the Theorems404

of this and the next section :405

1. Let Ω ⊂ Rd and Ω0 ⊂ Rd be two r-sets [45] such that there exist a linear406

homeomorphic mapping T : Ω0(X) × [0, 1] → Ω(x) given by T(X, t) = x =407

X + tV̂(X) (d = 2 or 3).408

2. V̂(X) ⊂ Rd is the velocity vector defined in the neighborhood of Ω0 and is409

C k continuous with k ≥ 1. Further, we will always assume the design velocity410

to be of the following normal form :411

V̂(x) = Vn(x)n(x)∀x ∈ Γt (0.1)412

where Vn and n are respectively the normal velocity component and normal413

vector at any given point x on the boundary Γt for t ∈ [0, 1]. We use the414

notation VN (X) and N(X) to denote the normal velocity and normal vector415

associated with a point X on the reference boundary Γ0 (i.e. when t = 0).416

3. Let {bi(x)}ni=1 be a set of C k continuous basis functions of degree k with417

k ≥ 2 (bi : Ω ∪ Ω0 → R).418

4. f : Ω→ R be any C k continuous function in span({bi(x)}mi=1)419

This manuscript is for review purposes only.



12

5. Referring to the moments in Eq.(0.4), we know Mi(Ω) =
∫

Ω
bi(x)dΩ. How-420

ever, this can also be written as Mi(Ω) = Mi(Ω0, V̂, t). For a given initial421

domain (Ω0) and design velocity vector (V̂), we can write Mi(Ω) = MΩ0,V̂
i (t).422

For the sake of simplicity, we will drop the superscripts and henceforth denote423

Mi(t) ≡MΩ0,V̂
i (t).424

6. Mi(t) =
∫

Ω
bi(x)dΩ is the exact moment computed over the original domain425

Ω426

7. M∗i (t) =
∫

Ω0
[bi(X) + t∇ · (b(X)V̂(X))]dΩ0 is the first-order moment approx-427

imation computed over the approximate domain Ω0428

8. {xi}ni=1 ⊂ Ω∩Ω0 be a set of quadrature points chosen to render the moment429

fitting matrix A invertible430

Theorem 1 (Taylor’s Remainder Theorem). Let Mi : [0, α]→ R be a C r contin-431

uous function and for k ∈ Z+ let Pk(t) = Mi(0) + tM
′

i (0) + t2

2! M
′′

i (0) + ...+ tk

k! M
k
i (0)432

(r ≥ k + 1). Then, for some ε ∈ [0, α] we have the following error bound :433

|Ek(t)| = |Mi(t)− Pk(t)| ≤ |tk+1|
(k + 1)!

|Mk+1
i (ε)| (1.1)434

435

Proof. See proof in A.3436

Corollary 1.1. For a linear approximation P1(t) = Mi(0) + tM
′

i (0), we have437

the following error bound438

|E1(t)| = |Mi(t)− P1(t)| ≤ t2

2!
|M
′′

i (ε)| (1.2)439

Proof. Follows directly from Theorem 1 by setting k = 1440

Theorem 2. For some ε ∈ [0, 1], the error in first-order moment approximations441

is bounded above by the following :442

|Mi(t)−M∗i (t)| ≤ t2

2!

∣∣∣∣ ∫
Ω

(
∇·
[
∇· (biV̂(x))V̂(x)

]
−∇·

[
bi(x)∇V̂(x) · V̂(x)

]
dΩ

)∣∣∣∣
t=ε

∣∣∣∣
(2.1)443

444

Proof. Since bi is at least C 2 continuous, it can be proved that Mi(t) is at least445

C2 continuous (see Theorem 5.6 in [24]). Then, from Corollary 1.1 for any ε ∈ [0, 1]446

we have the following447

|Mi(t)−M∗i (t)| ≤ t2

2!

∣∣∣∣d2Mi

dt2

∣∣∣∣
t=ε

(2.2)448

However, d
2Mi

dt2 =
∫

Ω
∇ ·
[
∇ · (biV̂(x))V̂(x)

]
−∇ ·

[
bi(x)∇V̂(x) · V̂(x)

]
dΩ (see proof449

in A.2) and the result follows plugging in this in Eq.(2.2).450

Theorem 3. If {W} and {W∗} are respectively the set of quadrature weights451

computed using the moments Mi(t) and M∗i (t) with the same set of quadrature points452

{xi}ni=1, then the error in integrating f over Ω using the AW integration rule q∗ =453

{xi,Wi∗}ni=1 is bounded above by the following :454

|e(q∗)| =
∣∣∣∣ ∫

Ω

fdΩ−
n∑
i=1

W ∗i f((xi))

∣∣∣∣ ≤ (Vmax)2λmax||dM||2||f(x)||2 (3.1)455
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where dMi = (Bi+2DEi)
2 is a constant that depends only on the basis functions, gradi-456

ent of the design velocity and geometry of the domain. Further, λmax is the maximum457

eigenvalue of A−TA−1 and Vmax = supx∈Ω0

∥∥∥V̂(X)
∥∥∥

2
458

Proof. By definition, the weights W and W ∗ are obtained by solving the moment459

fitting equations as460

{W} = [A]−1{M} (3.2)461

{W∗} = [A]−1{M∗} (3.3)462

Subtracting the two equations we get463

{W} − {W∗} = [A]−1
(
{M} − {M∗}

)
464

{∆W} = [A]−1{∆M} (3.4)465

{W} corresponds to the exact quadrature rule if the moments M were computed ex-466

actly (without any numerical errors). Thus, we have the following467

|e(q∗)| =
∣∣∣∣ ∫

Ω

fdΩ−
n∑
i=1

W ∗i f((xi))

∣∣∣∣468

=

∣∣∣∣ n∑
i=1

Wif(xi)−
n∑
i=1

W ∗i f(xi)

∣∣∣∣469

=

∣∣∣∣{W −W∗}T {f(x)}
∣∣∣∣470

=

∣∣∣∣{∆W}T {f(x)}
∣∣∣∣471

=

∣∣∣∣{[A]−1{∆M}}T {f(x)}
∣∣∣∣ (3.5)472

where the last step was obtained by substituting for {∆W} from Eq.(3.4). Now,473

normalizing ∆M and applying Cauchy-Schwartz inequality [47], we get474

|e(q∗)| =
∣∣∣∣||∆M||2

{
[A]−1

{∆M}
||∆M||2

}T
{f(x)}

∣∣∣∣475

≤ ||∆M||2
∣∣∣∣∣∣∣∣[A]−1

{∆M}
||∆M||2

∣∣∣∣∣∣∣∣
2

||f(x)||2 (3.6)476

Now, applying the Eigenvalue Lemma established in A.4, we have477

|e(q∗)| ≤ ||∆M||2λmax||f(x)||2 (3.7)478

where λmax is the maximum eigenvalue of A−TA−1.479

Multiplying and dividing RHS of Eq.(2.1) by480

Vmax = sup
X∈Ω0

∥∥∥V̂(X)
∥∥∥

2
= sup

X∈Ω0

VN (X) (3.8)481
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and introducing the notation V = V̂
Vmax

, we have the following bound :482

|Mi(t)−M∗i (t)| ≤ (t Vmax)2

2!

∣∣∣∣ ∫
Ω

(
∇ ·
[
∇ · (biV(x))V(x)

]
483

−∇ ·
[
bi(x)∇V(x) ·V(x)

]
dΩ

)∣∣∣∣ ∣∣∣∣
t=ε

(3.9)484

where we have used the fact that Vmax ≥ supx∈Ω Vn(x(t)) for any t ∈ [0, 1].485

Now, applying divergence theorem and using the fact that V ·n ≤ 1 and t ≤ 1, we486

get487

|Mi(t)−M∗i (t)| ≤ (t Vmax)2

2

∣∣∣∣ ∫
Γ

([
∇ · (biV(x))V(x) · n

]
−
[
bi(x)∇V(x) ·V(x)

]
· ndΓ

)∣∣∣∣
t=ε

∣∣∣∣488

≤ (Vmax)2

2

∫
Γ

∣∣∣∣∇ · (biV(x))

∣∣∣∣+ |bi(x)| |nT∇Vn| dΓ

∣∣∣∣
t=ε

489

≤ (Vmax)2

2

∫
Γ

‖∇(bi(x))‖2 ‖V(x)‖2 + |bi(x)| |∇ · (V(x))|+ |bi(x)| ‖∇V (x)‖2 dΓ490

(3.10)491

However, |∇ · (V(x))| ≤ ‖∇V (x)‖2 ≤ ‖∇V1(x)‖22 + ‖∇V2(x)‖22 + ‖∇V3(x)‖22 and492

||V|| ≤ 1. Further, since bi(x) is C 2 continuous,
∫

Γ
‖∇bi(x)‖2 ≤ Bi < ∞. This493

is because bi ∈ BV (Ω) and so
∫

Γ
‖∇bi(x)‖2 is finite and equal to the total varia-494

tion. Likewise, since V(x) is C 1 continuous,
∫

Ω
‖∇V (x)‖2 dΩ ≤

∫
Ω

[‖∇V1(x)‖22 +495

‖∇V2(x)‖22 + ‖∇V3(x)‖22] ≤ D < ∞. Also, bi(x) is a continuous function defined496

on a compact set and therefore it is bounded as well i.e. bi(x) ≤ Ei < ∞. Thus,497

substituting the bounds Bi, D and Ei in Eq.(3.10) we get :498

|Mi(t)−M∗i (t)| ≤ (Vmax)2

2
(Bi + 2DEi)499

Now, introducing the notation dMi = (Bi+2DEi)
2 we get500

|∆Mi(t)| ≤ (Vmax)2|dMi|501

or502

||∆M||2 ≤ (Vmax)2||dM||2 (3.11)503

Substituting Eq.(3.11) in Eq.(3.7) we get the desired result.504

Theorem 4. The SSA error in AW scheme converges quadratically w.r.t. uni-505

form (integration) mesh refinement i.e. there exists a constant C independent of the506

mesh size h such that507

|e(q∗)| ≤ Ch2 (4.1)508

509

Proof. From Theorem 3 we have established510

|e(q∗)| ≤ (Vmax)2λmax||dM||2||f(x)||2 (4.2)511

Since f is continuous and is defined over a compact set Ω, it attains its maximum512

fmax for some x ∈ Ω and thus513
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||f(x)||2 ≤
√
nfmax (4.3)514

Likewise, since bi and V are both C2 continuous and are defined over a compact set515

Ω ∪ Ω0, we can define dMmax as516

dMmax = max1≤ileqn|dMi| (4.4)517

and hence518

||dM||2 ≤
√
n(dM)max (4.5)519

and now substituting Eq.(4.5) and Eq.(4.3) in Eq.(4.2) we get520

|e(q∗)| ≤ (Vmax)2λmaxndMmaxfmax (4.6)521

Now, defining a constant C1 = n(dM)maxfmax we get522

|e(q∗)| ≤ C1λmax(Vmax)2 (4.7)523

If we always ensure that the min mesh size h is greater than Vmax (on mesh524

refinement), we get the following bound525

|e(q∗)| ≤ C1λmaxh
2 (4.8)526

Here, λmax is the maximum eigenvalue of (ATA)−1 assuming A to be a real non-527

singular matrix. In order to bound this let us first bound the entires of ATA by the528

basis function values bi as529

(ATA)ij = AT
i Aj530

≤ ||Ai||2||Aj ||2 (by Cauchy-Schwarz inequality)531

≤
√
n(bi)max

√
n(bj)max532

= n(bi)max(bj)max533

≤ n[max
k

sup
x∈Ω

[bk(x)]2] (4.9)534

The maximum eigenvalue ζmax of (ATA) can be proved [46] to be bounded above535

by the maximum row sum i.e.536

|ζmax| ≤ max
i

n∑
j=1

|(ATA)ij | (4.10)537

Thus, using the above and Eq.(4.9) and the fact that 0 < ζmin ≤ ζmax (as ATA538

is positive definite since A is non-singular) we have539

|ζmin| ≤ n2[max
k

sup
x∈Ω

[bk(x)]2] (4.11)540

However, ζmin = 1
λmax

and thus we have the following upper bound for λmax541

|λmax| ≤
1

n2[max
k

sup
x∈Ω

[bk(x)]2]
= Λ (4.12)542
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here 0 < Λ <∞ is a constant independent of h. Thus, using this bound in Eq.(4.6),543

we get the following convergence result :544

|e(q∗)| ≤ C1Λh2 = Ch2 (4.13)545

here C is a constant independent of h.546

Example 1 - Quadrant of a Circle In this example, we will first compute the547

area of quadrant of a circle (Ω) analytically by applying first-order Shape Sensitivity548

Analysis (SSA) using a simple right angled triangle as the approximate domain (Ω0)549

as shown in Fig.6. Then, we will study the convergence of AW integration for various550

bivariate polynomials xmyn (of order up to 3) over this Ω w.r.t a variety of polygonal551

approximations (Ω0).552

Fig. 6. Quadrant of a Circle ( Ω ) and its approximate domain ( Ω0 )

From first-order SSA we have the following :553 ∫
Ω

dΩ ≈
∫

Ω0

dΩ0 +

∫
Ω0

VNdΩ0554

=

∮
E1

xnxdt+

∮
E2

xnxdt+

∮
E3

[xnx + VN (t)]dt (4.14)555

However, x = 0 on E1 and nx = 0 on E2. Thus, the above reduces to the following556
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∫
Ω

dΩ ≈
∮
E3

[xnx + VN (t)]dt (4.15)557

The unit outward normal vector to E3 is 1√
2

{
1
1

}
. Thus, the first term in the558

above equation reduces to the following559

∮
E3

xnxdt =
1√
2

∫ √2

0

[1− t√
2

]dt = 0.5 (4.16)560

The contribution from the second term can be computed by first writing the561

velocity VN as a function of the line parameter t. Any point (xe, ye) on E3 can be562

written as563

xe = 1− t√
2

; ye =
t√
2

(4.17)564

Let (xc, yc) be the point of intersection of the normal at (xe, ye) and the quadrant565

boundary. Then,566

xc = xe +
VN√

2
; yc = ye +

VN√
2

(4.18)567

Substituting Eq.(4.17) in Eq.(4.18) we get568

xc = 1− t√
2

+
VN√

2
; yc =

t√
2

+
VN√

2
(4.19)569

However, yc =
√

1− x2
c =

√
1− [1− t√

2
+ d√

2
]2. Substituting this for yc in the above570

and then simplifying we get the following quadratic equation for VN571

V 2
N +
√

2VN + [t2 −
√

2t] = 0 (4.20)572

Solving for VN , we get573

VN (t) =
−
√

2 +
√

2− 4[t2 −
√

2]

2
(4.21)574

Using this expression in the second term of Eq.(4.15) we get the contribution from575

this term as576

∮
E3

VN (t) dt =

∮
E3

−
√

2 +
√

2− 4[t2 −
√

2]

2
dt (4.22)577

Now, substituting Eq.(4.16) and Eq.4.22 in Eq.(4.15), we compute the area of the578

quadrant as :579 ∫
Ω

dΩ ≈
∮
E3

xnxdt+

∮
E3

VN (t)]dt580

= 0.5 + 0.285398163397448581

≈ π

4
582
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Note that the only approximation involved in the above is due to the fixed-precision583

arithmetic involved in the computation of the second boundary integral containing584

the velocity term (VN ). Thus,585 ∫
Ω

dΩ =

∮
E3

[xnx + VN (t)]dt (4.23)586

Referring to Fig.6, one can easily observe that the first term above corresponds to587

the area of the approximate domain (A1) and the second term to the remaining area588

under the quadrant (A2). In other words, area of a quadrant can be obtained exactly589

by applying first-order Taylor series using a triangle (or any polygon homeomorphic to590

the quadrant) as the approximate domain as long as the boundary integral involving591

the velocity term can be computed exactly. However, evaluating the boundary integral592

involving the velocity term (Eq.(4.22)) is non-trivial as it involves square roots. Hence,593

when computed numerically one will have to use higher order quadrature or adaptive594

quadrature schemes to compute this integral as demonstrated by Fig. 7. We used595

MATLAB’s [37] int function for adaptive quadrature and the regular n-pt Gauss596

quadrature over the boundary of Ω0 (i.e. line integral) for computing the moment597

approximations.598

Fig. 7. Error in the area computations of a quadrant (Ω) using 0th and 1st order Taylor series
approximation for various polygonal approximations (Ω0)

Fig.7 plots the error in the integral obtained from 1st order Taylor series ap-599

proximation (using SSA) for various 1D integration rules in computing the boundary600

integral involving the velocity term (i.e. Eq.(4.22)) for various polygonal approxi-601

mations. We find that the adaptive quadrature scheme [37] gives the best results as602

the error is close to machine precision even for the coarsest polygonal approximation603

(i.e. for the triangle). This observation is quite general and hence can be generalized604

to any domain of integration in 2D (or 3D) as long as the vertices (or edges) of the605

approximate polygon(or polyhedron) Ω0 lie on the original boundary (Γ) as shown in606

Fig.8.607
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Fig. 8. Different polygonal approximations (Ω0) used for computing AW quadratures over a
quadrant domain (Ω). The vertices of the polygon (green dots) lie on the original domain boundary
(Γ)

We also superpose the result obtained by omitting the boundary integral term608

arising from 1st order SSA which would then correspond to 0th order Taylor series609

approximation. We clearly see from Fig.7 that omitting the second term would result610

in poor convergence.611

Fig.9 is the convergence plot for the AW scheme in integrating all bivariate poly-612

nomials (xmyn) of order upto 3 using 10 randomly generated integration points lying613

completely inside the domain and approximate polygon. We find that the order of614

convergence (w.r.t magnitude of the maximum design velocity) is always greater than615

2 (as it ranges from 2.5 to 3.95) for all the considered integrands.616

Fig. 9. Convergence plot for integral of bivariate polynomials (of order up to 3 ) over the
quadrant obtained using AW integration

Example 2 - Family of noisy domains In this example, we will study the617

convergence of AW scheme in integrating all bivariate polynomials (xmyn) of order618
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up to 3 over a family of noisy domains obtained by setting different values of k in619

the equation y(x) = x4 + ex + 0.75sin(kπx) + 0.5 for x ∈ [0, 2] (see Fig. 10). As620

before, we use 10 randomly generated points (lying completely inside Ω and Ω0) as621

our integration points.622

Fig. 10. A family of noisy domains obtained by setting various values of k in y(x) = x4 + ex +
0.75 sin(kπx) + 0.5 for x ∈ [0, 2]
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Fig. 11. Convergence plot for area computation over the noisy domain for various values of k

The convergence of AW integration scheme (w.r.t. number of polygonal edges)623

for the area computation over this family of noisy domains is given in Fig. 11. It624

is interesting to note that, unlike the quadrant domain, there is significant error for625

coarser polygonal approximations even for area computations. This is because, at626

coarser polygonal approximation, the bjiectivity of the normal mapping that the we627

assume between Ω and Ω0 is violated as illustrated in Fig. 12.628

Fig. 12. Illustration of violation of homeomorphic assumption at coarser polygonal approxima-
tions (ne = 7) for the noisy domain with k = 4

This problem gets resolved by using sufficiently higher number of edges so that629

the normal mapping (assumed between Ω and Ω0) is homeomorphic. As in the quad-630

rant problem, we observe that the error slightly increases with increase in number of631

edges due to numerical noise. Fig. 13-16 plots the convergence of AW scheme w.r.t.632

maximum design velocity for k = 2, 4, 6 and 8. Fig. 13 exhibits a consistent order of633
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convergence close to 2 (ranging from 2.05 to 2.09). However, as the boundary becomes634

more and more noisy (with increasing value of k), we don’t have a consistent order of635

convergence for coarser polygonal approximations. Once there are sufficient number636

of edges to ensure homeomorphism of the normal mapping between Ω and Ω0, there637

is a consistent order of convergence close to 2 (ranging from 1.96 to 2.47).638

Fig. 13. Convergence plot for integral of bivariate polynomials (of order up to 3) over the noisy
domain with k = 2

Fig. 14. Convergence plot for integral of bivariate polynomials (of order up to 3) over the noisy
domain with k = 4
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Fig. 15. Convergence plot for integral of bivariate polynomials (of order up to 3) over the noisy
domain with k = 6

Fig. 16. Convergence plot for integral of bivariate polynomials (of order up to 3) over the noisy
domain with k = 8

5. A Posteriori Error Analysis. In this section, we will develop an a posteriori639

error estimate for AW due to first-order Taylor series approximation of moments640

using Shape Sensitivity Analysis (SSA) [33]. We will also provide numerical results641

to support the theoretical estimates. We neglect all other sources of error (including642

numerical errors) as discussed in section 3.643

Theorem 5. An a posteriori error estimate for the SSA error in Adaptively644

Weighted Numerical Integration scheme is given by the following645

e(q∗) ≈ {∆M̂}T {z} (5.1)646

where {z} is the adjoint solution obtained by solving (A)T {z} = {f(x)} and the error647

in moments ∆M is approximated by ∆M̂i ≈ 1
2

∫
Γ0

[∇bi(X)]TN+bi(X)κ(X)]V 2
N (X)dΓ0648

(κ being the curvature of Γ0 in 2D and twice the mean curvature of Γ0 in 3D).649

Proof. From Eq.(3.5) we have the following650

e(q∗) = ([A]−1{∆M})T {f(x)}651

= {∆M}T {z} (where [A]T {z} = {f(x)} ) (5.2)652
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{∆M} = {dMi}mi=1 is the actual error in moments. Here, we will estimate the653

actual error in the moments using a higher order Taylor series. In other words, we654

know that, the AW scheme uses the following first order Taylor series approximation655

of the moments :656

M1
i (t) = Mi

∣∣
t=0

+
t

2

dMi

dt

∣∣
t=0

(5.3)657

Likewise, one can obtain a second order Taylor series approximation of the moments658

by adding the second order SSA to the above as follows :659

M2
i (t) = Mi

∣∣
t=0

+
t

2

dMi

dt

∣∣
t=0

+
t2

2!

d2Mi

dt2
∣∣
t=0

(5.4)660

The error in moments can thus be approximated as the difference between the661

above two approximations :662

|∆Mi| ≈ |∆M̂i|663

= |M2
i (t)−M1

i (t)|664

=
t2

2!

∣∣∣∣d2Mi

dt2

∣∣∣∣
t=0

665

≤ 1

2

∣∣∣∣d2Mi

dt2

∣∣∣∣
t=0

666

(5.5)667

The second order SSA d2Mi

dt2

∣∣
t=0

can be shown to be equal to the following (see668

proof in A.2) integral over the polygonal/polyhedral boundary (Γ0) if we assume669

normal perturbations (V̂ = VNN)670

d2Mi

dt2

∣∣∣∣
t=0

=

∫
Γ0

[∇bi(X)]TN + bi(X)κ(X)]V 2
N (X)dΓ0 (5.6)671

substituting this expression in Eq.(5.5) completes the proof.672

Example 3 - Quadtree In this example, we will use the a posteriori error673

estimate developed in the previous section to predict the SSA error in integrating an674

arbitrary polynomial f(x, y) = 10+0.1x+0.4y−x2+5xy+2y2+9x3−10x2y+10xy2−675

10y3 over a unit circle (Fig. 18(a)), noisy domain (Fig. 18(b)) and non-convex domain676

(Fig. 18(c)). As f(x, y) is a degree 3 polynomial, we will use 4 × 4 box quadrature677

for interior cells (blue filled circles in Fig. 18) and a 10 pt AW integration in each of678

the leaf cells (red plus marks in Fig. 18). As before, we generate quadrature points679

for AW in the leaf cells randomly. The approximate polygon (Ω0) is constructed over680

every leaf cell taking into account the type of leaf cell that arises in marching squares681

(see Fig. 17). Thus, we compute the integral over each of these cells and then sum up682

the contributions to get the integral over the original domain. Likewise, we compute683

the error term (Eq.(5.1)) over each of the leaf cells and sum them up to get an estimate684

for the overall error. The overall predicted error for each of these domains is plotted685

along with the actual error (computed using symbolic integration in MATLAB [37])686

for various levels of quadtree refinement in Fig. 19. From the plot it is clear that the687

a posteriori error estimate is pretty accurate for all three domains.688
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Fig. 17. Cases in marching squares

Fig. 18. AW integration using a quadtree over different domains

Fig. 19. Comparison of actual and predicted errors for the unit circle, noisy domain and
non-convex domain for various levels of quadtree refinement

The advantage of our a posteriori error estimate is that it can be used drive an689

adaptive refinement process as the error can be localized over every leaf cell as shown690

in Fig. 20 for the non-convex domain (of Fig. 18(c)). From this plot, it is clear that691

close to 94% of the total error is concentrated in just two cells C1 (yellow) and C2692

(light blue). This is primarily because, unlike the other cells, Ω0 in these two cells693

do not approximate the original domain (Ω) closely. Hence, it is more effective to694

subdivide these two cells instead of others.695
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Fig. 20. A posteriori error plot for integral of f(x, y) over the non-convex domain

Fig. 21. A posteriori error plot for integral of g(x, y) over the non-convex domain

In this example, the error seems to be proportional to integral of velocity in each696

of these cells. However, this need not always be true as illustrated by Fig. 21. Fig.697

This manuscript is for review purposes only.



ERROR ANALYSIS OF ADAPTIVELY WEIGHTED NUMERICAL INTEGRATION 27

21 is the error plot corresponding to the integral of the following continuous function698

over the non-convex domain (Ω) using AW method699

g(x, y) =

{
x− 0.095 if x ∈ [−0.8, 0.095]

f(x− 0.095, y) if x ∈ [0.095, 0.99]
700

From this plot, we see that the error distribution is altered significantly to the point701

where the maximum error cell (yellow cell) has shifted and the total error in the two702

cells (C1, C2) put together has dropped to 80.29%. Thus, this example illustrates how703

the SSA error depends not only on the velocity but also on the integrand.704

6. Conclusions. The main source of error in AW integration is due to inac-705

curate moment computations. Out of the three possible sources of errors that can706

lead to inaccurate moment computations, the error due to first-order Taylor series707

approximation from SSA is the most critical. We have proved in Theorem 4 that AW708

converges quadratically w.r.t maximum design velocity and integration mesh size.709

Unlike other error estimators in the literature, the error estimates developed in this710

paper caters to geometric adaptivity instead of integrand adaptivity. We have also711

given an a posteriori error estimate in Theorem 5 to estimate this error computation-712

ally. This a posteriori error estimate can be localized and hence can be used to drive713

an adaptive grid refinement process. Several 2D examples were given to corroborate714

both the theorems.715

One major limitation of the AW method is the inability of it to automatically716

deal with small features. The presence of small features such as a voids or inclusions717

smaller than an integration cell (in both 2D and 3D) may not be discovered by this718

method as was illustrated in section 3.1. Fig. 3 illustrates this situation in which719

the void is completely situated inside the cell. Since all vertices of a cell are inside720

the geometric domain, this void is missed during the construction of approximate721

polygon/polyhedron, and, as a result, the integration accuracy will deteriorate. There722

are several ways to detect such small features. If the user knows that small features723

exist in the domain geometry, an initial grid with tighter spacing (Fig. 4(a)) can be724

provided to ensure a cell corner intersects the feature. This is a simple way to globally725

ensure that features down to a given size are detected and accounted for. However,726

because the increased grid resolution applies everywhere in the domain, including727

regions where it is not needed, it can unnecessarily drive up the computational cost.728

This approach can be optimized if an additional information about location of small729

features is available. In this case, as it was illustrated by Fig. 4 (b) and Fig. 4 (c),730

a denser grid could be imposed within a cell or a non-uniform adaptive subdivision731

can be done depending on the location of small features. However, these techniques732

become prohibitively expensive for a domain with large number of small features such733

as the perforated plate in Fig. 22. This requires that the integration scheme adapt to734

the geometry and topology (i.e. shape) of the domain in addition to the integrand.735

We have addressed this issue in [56] based on the concept of topological and other736

related sensitivities [7, 54, 34]. In principle, the error estimates for such schemes could737

be developed analogous to the approach in this paper using higher-order sensitivities738

[2]. Nevertheless, error estimates catering to both geometry and topology (i.e. shape)739

is an open problem that warrants further research.740
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Fig. 22. Perforated plate with numerous small holes [1]

One minor weakness of AW method is that the usage of random quadrature741

points is not fully justified. Thus, it is required to more rigorously establish the effect742

of position of quadrature points on the moment matrix. Specifically, it is important to743

study the effect of position of quadrature points on the conditioning and invertability744

of the moment matrix. However, the use of approximate Fekete points [5] could745

possibly help eliminate this problem completely. Nevertheless, it is still required746

to further study the effect of Fekete points (or other ways of generating suitable747

quadrature points) in 2D/3D from the context of shape adaptivity.748
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Appendices.749

A.1. First order SSA of Moments. Recall that Mi =
∫

Ω
bi(x)dΩ. It is re-750

quired to compute the shape sensitivity of the moments Mi i.e. dMi

dt

∣∣∣∣
t=0

. In order751

to evaluate this, it is first required to transform the moment integral over the ref-752

erence domain Ω0. This can be done by making use of the Jacobian matrix of the753

mapping T(X, t). It can be easily established that dΩ = |J |dΩ0 [33], where |J | is the754

determinant of the Jacobian matrix . Thus, we have the following :755

dMi

dt
=

d

dt

(∫
Ω0

bi(x) |J |dΩ0

)
756

Now, taking the derivative inside the integral and then applying the product and757

chain rule of differentiation we get :758

d

dt

(∫
Ω0

bi(x) |J |dΩ0

)
=

∫
Ω0

d

dt

(
bi(x) |J |

)
dΩ0759

=

∫
Ω0

(
∇bi(x) · V̂(x)|J |+ bi(x)

d|J |
dt

)
dΩ0760

where V̂(x) = dx
dt is the design velocity vector at any point x ∈ Ω. Now, using the761

fact that d|J|
dt = |J |∇ · V̂(x) [33], we get :762

d

dt

(∫
Ω0

bi(x) |J |dΩ0

)
=

∫
Ω0

(
∇bi(x) · V̂(x)|J |+ bi(x)|J |∇ · V̂(x)

)
dΩ0763

=

∫
Ω0

(
∇bi(x) · V̂(x) + bi(x)∇ · V̂(x)

)
|J |dΩ0764

=

∫
Ω0

∇ · (bi(x)V̂(x))|J |dΩ0 (A.i)765

evaluating the the above at t = 0, we obtain the desired shape sensitivity as :766

dMi

dt

∣∣∣∣
t=0

=

∫
Ω0

∇ · (bi(X)V̂(X))dΩ0 (A.ii)767

where X ∈ Ω0.768

A.2. Second order SSA of Moments. Now, It is required to compute the769

second-order shape sensitivity of the moments Mi i.e. d2Mi

dt2

∣∣∣∣
t=0

. This can be done by770

taking the first derivative of Eq.(A.i) as771

d2Mi

dt2
=

d

dt

∫
Ω0

(
∇ · (bi(x)V̂(x))|J |dΩ0

)
772

Now, taking the derivative inside the integral and then applying the product and773

chain rule of differentiation we get :774 ∫
Ω0

d

dt

(
∇ · (bi(x)V̂(x))|J |

)
dΩ0 =

∫
Ω0

d

dt

(
∇ · (bi(x)V̂(x))

)
+∇ · (bi(x)V̂(x))

d|J |
dt

dΩ0775
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However,776

d

dt

(
∇ · (bi(x)V̂(x))

)
=

∂

∂t
(∇ · (bi(x)V̂(x)) +∇(∇ · (biV̂(x))) · V̂(x)777

= ∇ · (bi(x)
∂

∂t
V̂(x)) +∇(∇ · (biV̂(x))) · V̂(x)778

779

However, since we assume a linear mapping we have the following relationship for780

the total time derivative of the design velocity :781

d

dt
V̂(x) =

∂

∂t
V̂(x) +∇V̂(x) · V̂(x) = 0782

Thus, ∂
∂tV̂(x) = −∇V̂(x) · V̂(x). Using this and d|J|

dt = |J |∇ · V̂(x) [33] in783

Eq.(A.iii) the second derivative reduces to :784

d2Mi

dt2
=

∫
Ω0

(
−∇ ·

[
bi(x)∇V̂(x) · V̂(x)

]
+∇(∇ · (bi(x)V̂(x))) · V̂(x) +∇ · (bi(x)V̂(x))∇ · (V̂(x)

)
|J |dΩ0785

=

∫
Ω0

(
∇ ·
[
∇ · (bi(x)V̂(x))V̂(x)

]
−∇ ·

[
bi(x)∇V̂(x) · V̂(x)

])
|J |dΩ0786

787

evaluating the above at t = 0, we obtain the second-order shape sensitivity as :788

d2Mi

dt2

∣∣∣∣
t=0

=

∫
Ω0

(
∇·
[
∇·(bi(x)V̂(X))V̂(X)

]
−∇·

[
bi(X)∇V̂(X)·V̂(X)

]
dΩ0

)
(A.iii)789

where X ∈ Ω0.790

Applying the divergence theorem we get the boundary form of the second order791

shape sensitivity as :792

d2Mi

dt2

∣∣∣∣
t=0

=

∫
Γ0

[
∇ · [bi(X)V̂(X)]V̂N (X)− bi(X)

(
∇V̂(X) · V̂(X)

)
·N(X)

]
dΓ0793

=

∫
Γ0

[
∇[bi(X)]V̂(X) + bi(X)∇ · (V̂(X))− bi(X)

(
NT∇V̂N

)]
VN (X)dΓ0794

=

∫
Γ0

[
∇[bi(X)] · V̂(X) + bi(X)

(
∇ · (V̂(X))−NT∇V̂N

)]
VN (X)dΓ0795

796

In the above, we have assumed the design velocity to be of the form V̂(X) =797

VN (X)N(X). This assumption holds good as long as Ω0 is Ck+1 regular [33] (which798

is true in our case). Then, it can be easily proved [33] that [∇ · (V) −NT∇VN] =799

VN (X)κ(X), where κ is the curvature of Γ0 in 2D and twice the mean curvature in800

3D.801

Thus,802

d2Mi

dt2

∣∣∣∣
t=0

=

∫
Γ0

[∇bi(X)]TN + bi(X)κ(X)]V 2
N (X)dΓ0 (A.iv)803
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A.3. Taylor’s Remainder Theorem.804

Theorem 1. Let Mi : [0, α] → R be a C r continuous function and for k ∈ Z+805

let Pk(t) = Mi(0) + tM
′

i (0) + t2

2! M
′′

i (0) + ...+ tk

k! M
k
i (0) (r ≥ k + 1). Then, for some806

ε ∈ [0, α] we have the following error bound :807

|Ek(t)| = |Mi(t)− Pk(t)| ≤ |tk+1|
(k + 1)!

|Mk+1
i (ε)|808

809

Proof. We begin by noting that the following follows directly from the definition810

of Pk(t)811

|Ek(0)| = |Mi(0)− Pk(0)| = 0

|E
′

k(0)| = |M
′

i (0)− P
′

k(0)| = 0

.

.

|Ekk (0)| = |Mk
i (0)− P kk (0)| = 0

812

Likewise, since Pk is a kth degree polynomial in t we have813

|Ek+1
k (t)| = |Mk+1

i (t)− P k+1
k (t)| = |Mk+1

i (t)− 0| = |Mk+1
i (t)|814

since Mk+1
i is a continuous function defined over a compact set [0, α], it attains its815

maximum for some ε ∈ [0, α] [47] and hence we have816

|Ek+1
k (t)| ≤ |Mk+1

i (ε)|817

This also means818

Ek+1
k (t) ≤ |Mk+1

i (ε)|819

integrating the above once we get820

Ekk (t) =

∫
Ek+1
k (t)dt ≤

∫
|Mk+1

i (ε)|dt = |Mk+1
i (ε)|t+ c1821

However, c1 = 0 as at t = 0 we have Ekk (0) = 0 and therefore822

Ekk (t) ≤ |Mk+1
i (ε)|t823

integrating the above k times and applying boundary conditions as before we have824

Ek(t) ≤ tk+1

(k + 1)!
|Mk+1

i (ε)|825

and the result follows by taking the absolute value on both sides.826

A.4. Eigenvalue Lemma.827

Lemma 2. Suppose A ∈ Rm×n, x ∈ Rn, ‖x‖2 = 1 and λmax be the maximum828

eigenvalue of ATA1 then829

‖Ax‖2 ≤
√
λmax830

831

1ATA is a symmetric positive semi-definite matrix and hence its eigenvalues are all non-negative
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Proof. Consider the optimization problem832

maximize
x

xT (ATA)x

subject to ‖x‖2 = 1
833

This can be converted into an unconstrained optimization problem using the Lagrange834

multiplier method as835

maximize
x

xT (ATA)x− λ(xTx− 1)836

The KKT conditions [15] for this problem gives us the necessary optimality condition837

as838

(ATA)x = λx839

In other words, the quadratic form xT (ATA)x is maximized when λ corresponds to840

the maximum eigenvalue and x the corresponding eigenvector of (ATA). This implies841

that for any unit vector x ∈ Rn we have xT (ATA)x = (Ax)
T

(Ax) = ‖Ax‖22 ≤ λmax842
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