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ABSTRACT
Group morphology is an extension of mathematical mor-
phology with classical Minkowski sum and difference oper-
ations generalized respectively to Minkowski product and
quotient operations over arbitrary groups. We show that
group morphology is a proper setting for unifying, formulat-
ing and solving a number of important problems, including
translational and rotational configuration space problems,
mechanism workspace computation, and symmetry detec-
tion. The proposed computational approach is based on
group convolution algebras, which extend classical convolu-
tions and the Fourier transform to non-commutative groups.
In particular, we show that all Minkowski product and quo-
tient operations may be represented implicitly as sublevel
sets of the same real-valued convolution function.

1. INTRODUCTION

1.1 Motivation
Representation and analysis of shapes using mathemati-

cal morphology, pioneered by Matheron and Serra[37], have
found numerous applications in geometric computing, from
image processing to solid modeling. In mathematical mor-
phology, shapes are modelled by subsets of the Euclidean
plane, R2, or a discrete grid, Z2, and are analyzed using
morphological operators constructed from dilation, erosion
and set operations. Alternatively, one can choose Minkowski
addition and subtraction as basic operations in mathemati-
cal morphology, and this provides the connection to robotics
and solid modeling applications where Minkowski operations
have been used to formulate a variety of computations and
applications – including intersection computation [36], mo-
tion planning[22], blending [34], packaging [26], design [2,
3], tolerances [40] and numerous other applications involv-
ing relative motions/configurations.

Yet for all their ubiquity and versatility, mathematical
morphology and Minkowski operations have not been widely
adopted in solid modeling systems and applications. There
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are several factors which contribute to this situation. First,
it is not obvious how to extend the standard morphologi-
cal operators in R3 more general motions and transforma-
tions in solid modeling. The tools of configuration space
modeling [22, 28, 32] partially address these issues for rigid
motions, but they do not deal with many other types of
transformations, such as scaling or shearing. These defi-
ciencies are further compounded by a second problem in
that few practical implementable algorithms are available
to compute Minkowski operations even in the case of R3.
Boundaries of Minkowski sums may be computed, at least
for polyhedral objects [15], but their size makes such com-
putations impractical. This problem may be overcome with
sampled algorithms [16, 6, 20, 41, 28] that are becoming
increasingly popular, but their properties and applicability
to other morphological computations remain unclear. The
goal of this paper is to solve these two challenges by (1) pro-
viding a widely applicable generalization of mathematical
morphology, and (2) proposing a computational framework
that supports efficient and implementable algorithms.

1.2 Approach and Contributions
In solid modeling applications, one is often concerned with

the action of a collection of transformations from some group
on a point set. Familiar examples include the group of trans-
lations R3, the group of rigid motions SE(3) (also known as
the configuration space of a rigid object[19]), or the group
of affine transformations acting on a solid model. Hence
in Section 2 of the paper we adopt group morphology[32]
as a suitable generalization of mathematical morphology.
We then show that all morphological operations (dilation,
erosion, Minkowski sum/difference) may be generalized to
an arbitrary non-commutative group using the notions of
Minkowski product and quotients[28] and interpret them in
terms of standard solid modeling computations.

Minkowski sum is also long recognized as a convolution
of indicator functions [35, 11], which gives the basis for
efficient algorithms using Fast Fourier Transform [16, 6].
Chirikjian[4] suggested that the general configuration space
product could be formulated as a convolution, and proposed
an approximate fast convolution technique for SE(2) and
SE(3) using techniques from representation theory. In sec-
tion 3 of the paper, we clarify the concept of convolution
over an arbitrary non-commutative group, which sets the
stage for the key result of section 4: all group-morphological
operations, and Minkowski operations in particular, may be
defined and represented as sublevel sets of a single real-valued
function: convolution over the group. In section 5, we ex-
plain how this formulation supports fast computation via the



generalization of the FFT to non-commutative groups. Sec-
tions 6 and 7 show in detail some non-trivial applications of
group morphology with convolution computations to sweeps,
configuration space obstacles, mechanism workspace compu-
tation, and symmetry detection. The concluding section 8
summarizes the key contribution of the paper: unification
of the general group morphology with the convolution for-
mulation, allowing the systematic formulation and efficient
solution of numerous problems in solid and configuration
space modeling.

2. GROUP MORPHOLOGY
Group morphology [33] is an extension of mathematical

morphology to the more general context of arbitrary (poten-
tially) non-commutative groups. It is in this setting that we
shall study configuration space products in terms of general-
ized Minkowski operations. To this end, we will use notation
which is consistent with the classical mathematical morphol-
ogy, algebraic and configuration space literature, occasion-
ally putting our presentation at odds with the presentation
in [33] which emphasizes the lattice structure of the set sys-
tem.

2.1 Minkowski Products and Quotients
We define a group morphology over a groupG, Mor[G] as a

nonempty collection of subsets of G, which are closed under
union, intersection and complement1 along with a pair of
operators called Minkowski product and inversion which we
shall define. The Minkowski product is a binary operator,
G
⊗: Mor[G] ×Mor[G] → Mor[G], such that for all A,B ∈
Mor[G];

A
G
⊗ B =

[
a∈A

aB,

where aB denotes the left-action of the element a ∈ G on
B:

aB = {ab|b ∈ B} .

Similarly, the right-action of a on B is defined as:

Ba = {ba|b ∈ B} ,

and it should be clear that the Minkowski product can be
equivalently defined as a union of right actions.

The Minkowski product generalizes the Minkowski sum
to act on an arbitrary group. Our notation is based on the
definitions in [28], which correspond to the group morphol-
ogy over SE(3) ∼= SO(3) o R3 – that is the group of rigid
motions or sign-preserving Euclidean isometries. The use of
the superscript G is used to denote the group we are work-
ing in and to disambiguate the Minkowski product from the
tensor product. Dual to the notion of Minkowski product

are the left and right Minkowski quotients,
G
�,

G
;: Mor[G] ×

Mor[G] → Mor[G] which are defined for A,B ∈ Mor[G]
such that:

A
G
� B =

\
b∈B

Ab

A
G
; B =

\
a∈A

aB

1
In other words, a Boolean algebra.

The left and right quotients are two distinct generaliza-
tions of the usual Minkowski difference.2 In fact, one can
see that for a commutative group, these operators are sim-

ply transpositions of one another: B
G
; A = A 	 B = A

G
�

B. However, for non-commutative groups two operators are

necessary, as in general A
G
; B 6= B

G
� A.

The quotient operators are related to the Minkowski prod-
uct by the duality formulas[33]:

A
G
� B = ¬(¬A

G
⊗ B) (1)

A
G
; B = ¬(A

G
⊗ ¬B) (2)

As a result, closure under the product and set operators
forces closure under the quotient. The last group-theoretic
operator we need to define is inversion, ·−1 : Mor[G] →
Mor[G], which for any A ∈Mor[G]:

A−1 = {a−1|a ∈ A}

These four operators round out our description of group
morphology. To avoid possible confusion, we henceforth es-
tablish the following convention that all operators are left-
associative and have precedence as follows:

·−1 � ¬ �
G
;�

G
��

G
⊗� ∩ � ∪

Many special cases of the Minkowski product and quo-
tients have been proposed and studied throughout the liter-
ature. Most obviously, Minkowski sum and difference are the
product and quotient operators for Mor[Rn], as we have al-
ready noted. Likewise, Mor[Z2] can be properly understood
to be digital morphology in [37]. The complex Minkowski
product described in [9] is effectively the group morphol-
ogy of complex multiplication, Mor[C×] where C× ∼= R× ×
SO(2); which is also isomorphic to polar morphology[33].
An extension of this method to the quaternion multiplica-
tion, H×, was investigated in [39], along with a proposed
generalization to arbitrary groups. In [28], the configu-
ration product and quotient were introduced in the spe-
cific context of Mor[SE(3)] to formulate and solve problems
in mechanical design and manufacturing. Similarly scale-
space morphology, can be understood to be group morphol-
ogy over the scaling group, Mor[R× o R2] [13]. And last-
but-not-least, there are the numerous direct applications of
group morphology, such as spherical, Mor[SO(3)][33], affine,
Mor[GL(n) o Rn][24, 21] and projective group morphology
Mor[PGL(n+ 1)] [33].

2.2 Morphology on Homogeneous Spaces
In mathematical morphology, one seeks to understand and

quantify various structures or patterns within shapes. To do
this, one applies various types of filters or structuring ele-
ments which are typically defined in terms of the Minkowski
operators. Possibly the most important insight in group
morphology is that shapes and filters are separate types;
generally speaking the shapes themselves sit inside a set on
which the group acts (i.e. a homogeneous space), while the
filters are composed of elements from some group acting on
this space. Failure to account for this is a source of much am-
biguity in classical morphology. For example, the Minkowski

2
Some older texts define the Minkowski difference as A 	 B = A

Rn

⊗
B−1. We use the definition consistent with mathematical morphology

and define A	 B = A
Rn

� B .



Shape, S Motions, M sweep(S,M) unsweep(S,M)

Figure 1: The sweep and unsweep operators illustrated.

Starting from the cube on the left and the collection of mo-

tions in SE(3), visualized as a set of frames, we compute the

sweep of the cube by these motions as well as the unsweep

using the dilation/erosion method.

sum of two sets yields different results for different choices
of origins, and thus violates the requirement of translation
invariance. However, if we take the perspective that one of
these sets is really a structuring element acting as a filter on
the other, then this ambiguity is removed.

Given a group G, a set X is said to be a homogeneous
space of G if G acts on X by the map ρ : G → Aut(X),
where Aut(X) denotes the automorphisms of X. In other
words, for g, h ∈ G, there is a continuous invertible map
ρg : X → X such that for x ∈ X:

ρidG(x) = x

ρg(ρh(x)) = ρgh(x),

where idG is the identity element of G. G acts transitively
on X if for every pair x, y ∈ X, there exists some g ∈ G
such that gx = y. If this g is unique, then X is said to be
principal.3

In group morphology, we work with an extension of this
basic concept, where instead of groups acting on sets, we
have morphologies acting on subsets of homogeneous space.
In the special case of morphologies acting on principal homo-
geneous spaces, such as Mor[R2] acting on Mor[R2], shapes
can be naturally identified with subsets of the group and
thus the morphological filters may defined directly by the
Minkowski product (this is similar to the situation described
in the first paragraph). However, in the more general con-
text of a non-principal action (such as Mor[SE(3)] acting on
P(R3)), one is forced to introduce separate operators for the
action on the homogeneous space. This concept will play a
critical role in many of our applications and in the develop-
ment of various optimized algorithms discussed in Sections
5-7 of the paper.

As an example, consider the case of the group G = SE(3)
acting on the homogeneous space X = R3 according to the
action ρ : SE(3) → Aut(R3) given as follows: for (R, t) ∈
SE(3), with R ∈ SO(3) being a rotation matrix and t ∈ R3

being a translation vector, we define the action of (R, t) on
a point x ∈ R3 as:

ρ(R,t)(x) = Rx+ t

The application of this action to subsets of R3 thus defines
a rigid motion.

We now are ready to define the basic morphological opera-
tions of dilation and erosion. Given a set A ∈Mor[G] called
the structuring element, define the pair of operators, dilation

3
In some literature, principal homogeneous spaces are called torsors,

while in others the action is said to simply transitive.

δA : P(X) → P(X)4, and erosion εA : P(X) → P(X) such
that for all S ⊆ X:

δA(S) =
[
a∈A

ρa−1(S) (3)

εA(S) =
\
a∈A

ρa−1(S) (4)

Dilation and erosion are covariant in the sense that they
are unchanged by transformation under g ∈ G:

δA(S) = δgA(ρg(S))

εA(S) = εgA(ρg(S))

This property is one of the main requirements of mathe-
matical morphology, and is the reason we must invert the
elements of A before applying them to S.

Returning to the example of a rigid object’s configuration
space acting on 3D Euclidean space, one may understand di-
lation and erosion as the appropriate generalization of sweep
and unsweep to arbitrary groups. In fact, if we pick pick M
to be a family of motions in SE(3), then the sweep and
unsweep[12] of a solid S ⊆ Rn along M is exactly:

sweep(S,M) = δM−1(S) (5)

unsweep(S,M) = εM (S) (6)

Unlike dilation and erosion, the sweep operator is contravari-
ant under G, which is to say that the motions transform
under the inverse of a G-action; ie sweep(ρg(S),Mg−1) =
sweep(S,M). The two operators are illustrated in Fig. 1.

The group action also extends the Minkowski products
and quotients to operators on the homogeneous space. These
new operators take pairs of sets in the homogeneous space
and return an element of the group morphology (a set of
transformations). We call these the homogeneous Minkowski
product and quotients5, denoted by ⊗GX ,�GX ,;G

X : P(X) ×
P(X) → Mor[G], where the superscript, G, on the opera-
tor denotes the group, the subscript, X, denotes the homo-
geneous space on which we are computing and the action
ρ : G → Aut X is assumed to be implied by the context.
These operators are defined such that for all S, T ⊆ X:

S
G
⊗
X
T = {g ∈ G|S ∩ ρg(T ) 6= ∅} (7)

S
G
�
X
T = {g ∈ G|S ⊇ ρg(T )} (8)

S
G
;
X
T = {g ∈ G|S ⊆ ρg(T )}. (9)

This definition of the homogeneous operators does not ap-
pear at first to have much in common with the Minkowski
product and quotient defined earlier, but an alternative de-
scription in the next section will make this connection ex-
plicit and will justify the choice of naming. Homogeneous
operators have a concrete interpretation in terms of config-
uration spaces. The homogeneous product is equivalent to
finding the configuration space obstacle of a set under the
action of some group of motions. The quotients determine
the allowable motions of a solid constrained to remain within
some envelope, e.g. the free space in motion planning and

4
We use P(X) to denote the powerset of X, sometimes written 2X .

5
In the morphological setting, these operators are most commonly

understood in terms of their relation to the supremum and infimum
operators in the lattice on the homogeneous space.



packaging problems. More generally, these operators form
the basis for many applications of configuration space meth-
ods as we shall describe later on in section 6.

2.3 Choosing an Origin
The invariance of the homogeneous space, X, under the

action of G gives us flexibility in stating and proving the-
orems. But in order to develop practical algorithms for
Minkowski products and quotients, we need to fix a par-
ticular origin so that we obtain a direct isomorphism be-
tween X and the cosets of G(o). This allows us to translate
these homogeneous operators into Minkowski products on
the original group, wherein computations are much more
efficient.

More precisely, for any origin o ∈ X, define the stabilizer
of o in G to be:

G(o) = {g ∈ G|ρg(o) = o}.

It can be shown that G(o) is a subgroup of G. Moreover, if
G acts transitively on X, then it is true that:

X ∼= G/G(o).

In other words, points of X are identified with the left-cosets
of G modulo G(o). From this correspondence, we get a map,
`o : X → Mor[G] called the lifting at o which takes points
x ∈ X to sets in Mor[G] according to the rule:

`o(x) = {g ∈ G|ρg(o) = x}.

The inverse of this map, πo : G → X, called the projection
at o, takes elements g ∈ G down to points in X:

πo(g) = ρg(o).

Lifting and projection extend to operators on S ∈ P(X)
and A ∈Mor[G]:

`o(S) =
[
s∈S

`o(s)

πo(A) = {πo(a)|a ∈ A}.

The main benefit of creating these maps it that they trans-
late the group action on X into multiplication in G. This is
done according to the following rule:

ρg(x) = πo(g `o(x)).

Returning to the example of a rigid object’s configuration
space, G = SE(3), acting on Euclidean space, X = R3,
the usual choice for an origin in R3 is the 0-vector. The
stabilizer of 0 in SE(3) is exactly the set of all rotations
about the origin and so SE(3)(0)

∼= SO(3). With respect

to this choice of origin, the lifting of an element x ∈ R3

to Mor[SE(3)] is given by `0(x) = {(R, x)|R ∈ SO(3)}.
Similarly, π0 projects SE(3) down to R3 according to the
map π0((R, t)) 7→ t for (R, t) ∈ SE(3).

As the first application of projection and lifting, we shall
translate dilation and erosion into an expression consisting
of only group Minkowski operators.

Proposition 1. For A ∈Mor[G], S ⊆ X:

δA = πo(A
−1 G
⊗ `o(S)) (10)

εA = πo(A
−1 G

; `o(S)). (11)

Similarly, projection and lifting establish the direct corre-
spondence between homogeneous products and quotients and
their morphological counterparts[33]:

Proposition 2. For S, T ⊂ X:

S
G
⊗
X
T = `o(S)

G
⊗ (`o(T ))−1 (12)

S
G
�
X
T = `o(S)

G
� (`o(T ))−1 (13)

S
G
;
X
T = `o(S)

G
; (`o(T ))−1 . (14)

Given the computational simplicity of Eqns. 12-14 com-
pared to Eqns. 7-9, one might be tempted to always fix an
origin before all computations. This is a bad idea for sev-
eral reasons: first, the benefits of coordinate-free geometric
programming are widely recognized [7]; and second, for non-
commutative groups, the choice of origin has a substantial
impact on the accuracy of the discretized product [28]. Gen-
erally speaking, there is no single best choice of origin, and
so we take the conservative approach by deferring this op-
eration until the last possible moment.

3. GROUP CONVOLUTION ALGEBRAS
So far, we have introduced group morphology as a power-

ful conceptual framework for formulating problems in solid
modeling. However, in order for it to be an effective tool, we
must find some computable method for resolving point mem-
bership queries with respect to morphological expressions
that rely on on the inifinite set operations in the definitions
of Minkowski product and quotient. To this end, we pro-
pose to represent the morphological expressions implicitly
by real valued convolution functions that will be sampled to
the desired accuracy. This new approach can be thought of
as non-commutative signal processing, analogous to the clas-
sical filtering perspective of commutative morphology[23].

Our proposal is motivated by accuracy and efficiency con-
siderations. First, we would like to find an efficient method
for evaluating Minkowski products and quotients. Second,
we would like to evaluate Minkowski quotient without com-
puting complements which, in the case of a non-compact
group, require representing and approximating unbounded
sets. Third, we would like to represent the Minkowski prod-
uct by a continuous function. The last motivation is based
on observations by Edalat and Lieutier in [8], where it is
shown that a minimal requirement for a point membership
test to be computable (robustly and to arbitrary precision) is
that it must be expressible by strict inequalities and continu-
ous functions. Therefore, if we want to ultimately implement
Minkowski products, we must find some way to realize them
in terms of continuous functions. For discrete groups, this
is trivial since all functions are vacuously continuous, but
for continuous (Lie) groups, such as SE(n), which have the
most interesting applications in solid modeling, the problem
is more subtle.

We will explain in Section 4 how group convolution alge-
bras, which we now define, solve all of the above challenges.
Intuitively, group convolution extends the everyday notion of
commutative convolution to a noncommutative group. Like
commutative convolution, group convolution is defined in
terms of an integral over a group, G. But, in order for such
a thing to exist, we must have some measure, µ : P(G)→ R,



which is invariant with respect to the action of G, or in other
words for all A ⊆ G, x ∈ G:

µ(xA) = µ(A) (15)

Such a measure is called a left Haar measure, and the ex-
istence and uniqueness of µ (up to a multiplicative constant)
is assured if G is locally compact. In the case where G = Rn,
µ is equivalent to the familiar Lebesgue measure (and the
group invariance reduces to translation invariance). Given
a particular µ, we also get a L1 norm on G, for f : G→ R:

‖f‖ =

Z
G

f(x)dµ(x) (16)

The group convolution algebra, L1(G), is the vector space
of all functions with a convergent L1 norm equipped with a
bilinear product, ? : L1(G)×L1(G)→ L1(G), called convo-
lution:

(f ? g)(x) =

Z
G

f(y)g(y−1x)dµ(y), (17)

The main difference in a general group convolution algebra
versus ordinary convolution is that G is no longer required
to be commutative. This changes many things; for example,
on a commutative group it is possible to use some type of
Fourier transform and the corresponding convolution theo-
rem to quickly compute convolution products. However, for
non-commutative groups, the Fourier transform does not
quite work as usual - though it is still possible to salvage
something like a Fourier transform and a convolution theo-
rem with the use of representation theory [10, 25, 4].

Finally, because G is a group it is possible to reflect func-
tions onG by pointwise inversion, which gives the involution,e· : L1(G)→ L1(G) such that for all f ∈ L1(G), x ∈ G:ef(x) = f(x−1). (18)

4. INDICATORS AND SUBLEVEL SETS
Group morphology and group convolution algebras appear

to have many similarities. The goal of this section (and ul-
timately the central problem of this whole paper) is to rig-
orously derive the correspondence between them in the case
of arbitrary non-commutative groups. Looking ahead, the
key to this correspondence is captured in Lemma 1, which
relates convolution to the volume of intersection. Because
our definition of group convolution relies on a single measure
µ, in this paper we will focus on full dimensional measurable
sets in Mor[G], formally known as closed regular sets [31].

Let κ, ι denote the closure and interior operators respec-
tively, and define Mor∗[G] to be collection of all closed reg-
ular sets A ∈Mor[G], for which A = κιA. It is easy to show
that Mor∗[G] is closed under the regularized set operations,
¬∗,∩∗,∪∗, as well as the regularized Minkowski product,
defined for closed regular sets A,B ∈Mor∗[G] as

A
G

⊗∗B = κι

„
A

G
⊗ B

«
In general, we shall use the superscript ∗ to denote the regu-
larization of some operator. A symmetric definition is used
for the Minkowski quotient and the various homogeneous
products/dilations. Since the group action and inversion
are all homeomorphisms, regularization of those operators
is unnecessary.

A B 1A ? 1B A
G
⊗ B A

G
� B

Figure 2: Theorem 1 illustrated for R2. The indicators of

the shapes, A, B are convolved and the 0, µ(B) sublevels are

taken. The resulting convolution is colored to emphasize the

various sublevel sets, where blue regions are the lowest value

and the red regions are highest; the white regions are 0.

Now we are ready for the main result. We begin by defin-
ing a pair of maps called indicator6, 1 : Mor∗[G]→ L1(G),
and sublevel set, Vα : L1(G) → Mor∗[G] which are defined
as:

1S(x) =


1 if x ∈ ιS
0 otherwise

(19)

Vα (f) = κ{x ∈ G|f(x) > α}, (20)

where f ∈ L1(G) and S ∈ Mor∗[G]. These mappings obey
the following basic property for any closed regular S ∈Mor∗[G]
and 0 ≤ α < 1,

Vα (1S) = S. (21)

The proof is straightforward. Eqn. 21 shows that Mor∗[G]
is covered by L1(G); i.e. for every set in Mor∗[G] there is
some function associated to it in L1(G) – though the con-
verse is not necessarily true. One of the most useful things
about indicator functions is that they preserve set-theoretic
properties of Mor∗[G] within the arithmetic of L1(G). One
can easily show via direct expansion and conditioning that
indicators and sublevels satisfy the following properties:

Proposition 3. For all A,B ∈Mor[G] and 0 ≤ α < 1:

A ∩∗ B = Vα (1A1B) (22)

A ∪∗ B = Vα (1A + 1B) (23)

¬∗A = Vα (1− 1A) . (24)

It is also useful to observe that the Haar measure, µ, ap-
plies to the sets in Mor∗[G], based on basic facts from mea-
sure theory and Eqn. 16:

µ(A ∩∗ B) =

Z
G

1A(x)1B(x)dµ(x) = ‖1A1B‖ (25)

Indeed, this can be seen as the primary justification for the
restriction to regularized sets. Note that in general µ(A ∪∗
B) 6= ‖1A + 1B‖, due to the fact that addition of indicator
functions is generally not an indicator function (of course if
A,B are disjoint, then equality does hold). Likewise, the
additional metric statement µ(¬∗A) = µ(G)− ‖1A‖ is only
defined when G is compact.

Now that we have connected the set-theoretic and met-
ric properties in Mor[G] to L1(G), it is natural to wonder:
how much of the group-theoretic structure has carried over;
and in what form? The answer to this first question turns
out to be as good as one could hope for: all operators on

6
One should really use a smooth approximation of 1, but to save

space we shall not deal with this technicality here.



Mor∗[G] (including Minkowski product and quotient) are
completely characterized by L1(G). First, the following eas-
ily verified proposition (stated here without proof) shows
that the group inverse and action are preserved by the indi-
cator map.

Proposition 4. For S ∈Mor∗[G], x, y ∈ G:

1S−1 = f1S
1Sy(x) = 1S(xy−1)

1yS(x) = 1S(y−1x).

With these results, the stage is now set for the main result
of this paper, which shall link all of the remaining operators
– configuration product and quotient – directly to convolu-
tion. In fact, as we shall see, convolution is strictly more
powerful than each of these operators individually. This is
captured by the lemma proved below

Lemma 1. For A,B ∈Mor∗[G], x ∈ G:

µ(A ∩∗ xB) = (1A ? f1B)(x).

Proof. Starting from Eqn. 25, apply Prop. 4 and Eqns.
17 & 18:

µ(A ∩∗ xB) =

Z
G

1A(y)1xB(y)dµ(y)

=

Z
G

1A(y)1B(x−1y)dµ(y)

=

Z
G

1A(y)f1B(y−1x)dµ(y)

= (1A ? f1B)(x).

The most important consequence of this lemma is that it
gives a set of formulas for the product and quotient operators
in terms of convolution. This is summarized in the following
theorem:

Theorem 1. For nonempty A,B ∈Mor∗[G], let:

h(x) = (1A ? 1B)(x) (26)

Then:

A
G

⊗∗B = V0 (h)

A
G

�∗B = lim
ε→0+

Vµ(B)−ε (h)

A
G

;∗B = lim
ε→0+

Vµ(A)−ε (h)

Proof. First observe that x ∈ A
G
⊗ B ⇔ ∃a ∈ A, b ∈

B : x = ab. However, x = ab ⇔ a = xb−1 thus; x ∈
A

G
⊗ B ⇔ (A ∩ xB−1) 6= ∅. Taking the closure of the

interior, this reduces to ι(A ∩ xB−1) 6= ∅. But ιS 6= ∅ ⇔

µ(S) > 0, and so A
G

⊗∗B = κ{x|µ(A ∩ xB−1) > 0}. This
is just V0

`
µ(A ∩ xB−1)

´
, so by Lemma 1 we conclude that

A
G

⊗∗B = V0 (1A ? 1B).

To prove the left-quotient identity, we apply the regular-
ization of the duality formula (Eqn. 1) to the above result:

A
G

�∗B = ¬∗(¬∗A
G

⊗∗B)

= ¬∗V0 (1¬∗A ? 1B))

= ¬∗V0 ((1− 1A) ? 1B)

= ¬∗V0 (1 ? 1B − 1A ? 1B)

But, 1?1B = ‖1B‖ = µ(B), soA
G

�∗B = ¬∗V0 (µ(B)− 1A ? 1B).
Now observe that for all f , ¬∗V0 (f) = limε→0+ V−ε (−f)
and so we have

A
G

�∗B = lim
ε→0+

V−ε(−µ(B) + 1A ? 1B)

= lim
ε→0+

Vµ(B)−ε(1A ? 1B)

The proof of the right-quotient identity follows by symme-
try.

A practical consequence of the above result is that all con-
figuration products and quotients admit a simple and intu-
itive implicit representation as sublevel sets of a convolution
function. For the case of Mor[R2], this is illustrated in Fig.
2, where one can see the result for the special case of the
2D Minkowski sum/difference. In 3D, evaluation of the con-
volution function h (from Thm. 1) as an integral requires
intersection and volume measure computation over solids in
R3,

h(x) = vol (A ∩∗ (x+B)),

but these operations are already supported in most solid
modeling systems. Therefore any such system already sup-
ports the implicit representation of the Minkowski sum and
difference as sublevel sets of Eqn. 26! Of course this only
shows that in principle these quantities are computable within
present day CAD systems, but says little about their prac-
ticality. In the next section we take a more careful look at
some numerical methods for computing Eqn. 26 and some
specializations to the homogeneous products.

5. NUMERICAL ALGORITHMS
When it comes to computing convolutions, one should im-

mediately think of the Fourier transform and convolution
theorem. Indeed, for Abelian groups, this technique may
be directly applied via the fast discrete Fourier transform
(FFT), which reduces the time complexity of convolution
over G from O(|G|2) to O(|G| log(|G|)), where |G| denotes
the size of the group. This commutative case was worked out
for R2 by Schapira[35]. The extension to non-commutative
groups is more involved, so to make the problem more man-
ageable we break down the non-commutative morphological
operators into two cases: (1) action on a normal commu-
tative homogeneous space, (2) non-commutative Minkowski
product.

5.1 Commutative Homogeneous Spaces
In a special but important situation, group morphology

Mor[G] acts transitively on a homogeneous space X, which
is isomorphic to a commutative normal subgroup of G. In
other words, once we fix an origin o ∈ X, we get the short
exact sequence:

0→ X
τ−→ G

γ−→ G(o) → 0.



The specialization to commutative normal homogeneous
spaces arises frequently in practice – such as the case of
SE(3) acting on R3. In this situation, the short exact se-
quence becomes:

0→ R3 τ−→ SE(3)
γ−→ SO(3)→ 0,

where the map τ(x) 7→ (idSO(3), x) and γ((R, t)) 7→ R. The

map τ is related to lifting as `o(S) = τ(S)
G
⊗ G(o).

By exploiting the fact that the homogeneous space is a
commutative normal subgroup, it is possible to use the com-
mutative FFT when computing dilations, erosions and ho-
mogeneous products. Moreover, this underlying implemen-
tation is much simpler than the general non-commutative
case as it leverages the many efficient implementations of
the commutative FFT.

As a preliminary notational issue, we denote the restric-
tion of the measure µ : P(G) → R to a subgroup X of G
by µX : P(X) → R defined such that for all closed regular
S ⊆ X:

µX(S) = µ(τ(S))

Similarly, we denote the restriction of the convolution to a

subgroup X of G by
X
? defined in the usual way for f, g :

X → R:

(f
X
? g)(x) =

Z
X

f(y)g(y−1x)dµX(y)

In each of the following theorems, we shall make use of the
coset decomposition of an element A ∈ Mor[G]. The basic
idea behind this is that we can ‘slice’ A into sections of size
X over the elements of G(o). These sections are thus indexed

by r ∈ G(o) and defined such that Ar = Ar−1∩τ(X). Under
this decomposition, A may be rewritten as:

A =
[

r∈G(o)

Arr.

We shall now apply this decomposition to the dilation and
erosion operators:

Theorem 2. For A ∈Mor[G], S ⊆ X:

δA(S) =
[

r∈G(o)

ρr−1(S
X
⊗ A−1

r ) (27)

εA(S) =
\

r∈G(o)

ρr−1(S
X
� A−1

r ). (28)

Proof. For the dilation operator:

δA(S) = πo

„
A−1 G

⊗ `o(S)

«

= πo

0@κι [
r∈G(o)

(Arr)
−1 G
⊗ `o(S)

1A
=

[
r∈G(o)

πo

„
r−1(A−1

r

G
⊗ `oS)

«

=
[

r∈G(o)

ρr−1(S
X
⊗ A−1

r ).

The case for erosion is similar.

The main significance of this result is that it reduces
both dilation and erosion to a homogeneous product over
X, which is a commutative group. By applying the level-
set/indicator map, we may convert this expression into an
integral equation:

Corollary 1. Let h ∈ L1(X), A ∈Mor∗[G] and S be a
closed regular subset of X and

h(x) =

Z
G(o)

“
1S

X
? g1Ar

”
(ρr(x))dµG(o)(r), (29)

then:

δ∗A(S) = V0 (h) (30)

ε∗A(S) = lim
ε→0+

VµX (A)−ε (h) . (31)

Thus, we have obtained a unified compact representation
of both the sweep and unsweep operators. This is one of the
main benefits of the level-set/indicator method, as the un-
derlying expression of the variety of morphological operators
is drastically simplified. For discrete groups, h may be com-
puted by first convolving over each slice, then summing up
over G(o). This takes O(|G(o)||X| log(|X|)) = O(|G| log(|X|)
time.

Theorem 3. Let S, T ⊆ X:

S
G
⊗
X
T =

[
r∈G(o)

τ

„
S
X
⊗ ρr(T )−1

«
r (32)

S
G
�
X
T =

\
r∈G(o)

τ

„
S
X
� ρr(T )−1

«
r (33)

S
G
;
X
T =

\
r∈G(o)

τ

„
S
X
; ρr(T )−1

«
r. (34)

Proof. First, observe that `o(S) = τ(S)
G
⊗ G(o), so

S
G
⊗
X
T = τ(S)

G
⊗ G(o)

G
⊗ τ(T )−1

=
[

r∈G(o)

τ(S)
G
⊗ rτ(T )−1

=
[

r∈G(o)

τ

„
S
X
⊗ ρr(T )−1

«
r.

The proof for the quotients is similar.

As we did with dilation and erosion, we may now translate
these statements using the level-set indicator method. To do
this, we use the fact that G ∼= G(o)oX, and thus points in G
may be identified with tuples (r, x), where r ∈ G(o), x ∈ X:

Corollary 2. Let G ∼= G(o) o X with action ρ : G →
Aut X, S, T be closed regular subsets of X and let h ∈
L1(G), and r ∈ G(o), x ∈ X where,

h(r, x) = µ(γ−1(r))(1S
X
? 1̃ρr(T ))(x), (35)



then:

S
G

⊗∗
X
T = V0 (h) (36)

S
G

�∗
X
T = lim

ε→0+
Vµ(`o(T ))−ε (h) (37)

S
G

;∗
X
T = lim

ε→0+
Vµ(`o(S))−ε (h) . (38)

As before, the complexity of evaluating h using the FFT is
in O(|G| log(|X|)). This subsumes the SE(2) configuration
obstacle approximation method proposed by Kavraki [16]
and the method for serial linkages proposed by Curto et al.
[6]. Our description in terms of abstract groups enables the
extension of this result to generic morphological operators
acting on arbitrary commutative homogeneous spaces. This
includes groups such as projective transformation, PGL(n),
or scale space, R× o Rn, acting on Rn.

5.2 Fast Generalized Fourier Transforms
The most general (and in this sense the most important)

case is the Minkowski product of two arbitrary subsets of a
non-commutative group. This situation is by far the most
difficult, as we cannot make any explicit assumptions about
the structure of the group and homogeneous space. It does
not appear that any of the techniques used for the vari-
ous commutative cases are directly applicable; and thus one
might resign themselves to believing that non-commutative
convolution ought to require at least O(|G|2) time.

Surprisingly, fast generalized Fourier transforms (GFT)
provide a sub-quadratic method for decomposing a func-
tion over a non-commutative group into the direct sum of
functions over the group’s representations[25, 42, 4]. In
this space, one has a corresponding generalized convolu-
tion theorem, which reduces convolution to block-diagonal
matrix multiplication. However, at the current level of de-
velopment generalized Fourier transforms are no panacea.
There remain many unresolved issues, such as an incom-
plete understanding of their numerical accuracy, robustness
and a dearth of efficient, stable and open source implemen-
tations. Moreover, in many practical situations the time
complexity of representation theory based convolution is
still greater than O(|G| log(|X|)) (for example, O(|G|3/4) for

SO(3) [18] and O(|G|3/2) for SE(2) [4]), and so the commu-
tative methods are overall better whenever they are applica-
ble. Nonetheless, in many situations one can not apply the
commutative homogeneous decomposition techniques, leav-
ing representation theory as the only known method for sub-
quadratic convolution.

6. CONFIGURATION SPACE
In this section, we shall consider the applications of both

group morphology and convolution algebras to problems in-
volving configuration spaces equipped with a group struc-
ture, and more specifically the configuration spaces for rigid
objects; that is SE(d) for d = 2, 3. In the interest of brevity,
we shall consider just three classical problems, which have
been selected to demonstrate the various types of group mor-
phological operators: homogeneous products, dilation/ero-
sion and the fully non-commutative Minkowski product. By
working through these examples in terms of the convolution
algebra framework, we hope to illustrate both the efficiency
and the utility of our techniques.

6.1 Obstacles and Free Space
One of the earliest problems in the configuration space

literature is the construction of obstacles and freespace[22],
and we will use it to illustrate the applications of the sublevel
set/indicator method. Given two solids, S, T ⊆ Rd, where
S is a collection of obstacles and T is some moving robot,
we define the configuration obstacle, O ⊆ SE(d), as the col-
lection of relative motions from T to S where the two solids
collide (in other words, the set of unacceptable positions and
orientations). In the language of group morphology, we may
summarize this requirement more succinctly:

O = S
SE(d)

⊗∗
Rd

T

Similarly, we may also define the freespace, F ⊆ SE(d), of
the solid T moving within S as the collection of transforma-
tions, F acting on T which keep it within the volume of S;
in other words:

F = S
SE(d)

�∗
Rd

T

As a demonstration of our framework to homogeneous
products, we consider in detail the problem of enumerat-
ing the freespace of a 2D rigid body, T , constrained to re-
main completely within the volume S under the action of
SE(2). Elements of SE(2) ∼= SO(2) o R2 are given by
pairs (θ, x) where x ∈ R2 and θ ∈ SO(2). Define Rθ =„

cos(θ) sin(θ)
− sin(θ) cos(θ)

«
to be the rotation about the angle θ,

such that Rθ : R2 → R2 is an automorphism of R2. The
group product and inverse for SE(2) are given by:

(θ, x)(φ, y) = (θ + φ, x+Rθy)

(θ, x)−1 = (−θ,−RTθ x)

for θ, φ ∈ [0, 2π) and x, y ∈ R2. SE(2) acts on the homoge-
neous space R2, so given a point p ∈ R2, the action ρ(θ,x) on
p is given by:

ρ(θ,x)(p) = x+Rθp

If we fix the origin 0 ∈ R2, then its stabilizer in SE(2) is
the set of rotations SE(2)(0) = {(θ, 0)|θ ∈ [0, 2π)} ∼= SO(2).

Moreover, R2 is commutative and the action is transitive, so
we have the short exact sequence:

0→ R2 τ−→ SE(2)
γ−→ SO(2)→ 0,

where τ(p) 7→ (0, p) and γ((θ, x)) 7→ θ. Similarly, the lift
and project maps are defined such that:

`0(p)) = {(θ, p)|θ ∈ [0, 2π)}
π0((θ, x)) = x.

Now, if we wish to compute the freespace:

F = S
SE(2)

�
R2

T

We just apply Cor. 2 and compute Eqn. 35,

h(θ, x) =

Z
R2

1S(y)1T (RTθ (y + x))dy,

and so the freespace is given by Eqn. 36

F = lim
ε→0+

Vµ(T )−ε(h)



Obstacles, ¬S Robot, T Freespace, F = S �∗SE(2)

R2 T

Figure 3: Freespace construction for a ”piano mover” type

problem. Given the obstacles, S and robot T , we construct

the freespace, F . The elements of SE(2) are represented in the

coordinates (θ, x, y) where the rotation angle, θ is the up-axis,

while the two planar axis represents translation component.

To compute this integral, we must apply some type of dis-
cretization. However, this is problematic as the only discrete
subgroups of SE(2) are the 17 plane tiling groups[5]. So, if
we require exact computations, then the only possible groups
are the rectangular and hexagonal lattices (which permit
only 4 and 6 rotations respectively). Clearly this restric-
tion is unreasonable, and so we must accept some amount
of approximation. This type of situation is analogous to im-
age rotation; because sin and cos are transcendental, it is
impossible to apply a rotation exactly to a Cartesian coor-
dinate system or to apply a translation exactly to a polar
coordinate system. To deal with this, we just apply linearly
interpolated image rotation to each of the slices, then per-
form the convolution exactly using the Fourier transform.

If we put this all together, we can compute h in a just a
single line of python code; assuming f, g are already sampled
as indicator functions on a regular grid:

def se2conv ( f , g , ntheta ) :
return [ conv2d ( f , imrotate ( g , −theta ) ) \
for theta in arange (0 ,360 ,360/ ntheta ) ]

Using just this näıve code snippet together with the FFT
convolution code from SciPy[14] we were able to compute
freespace shown in Fig. 3 for a 512x512x64 grid (x,y,θ
resolution) in ∼ 40s. The function conv2d computes the
convolution of two images, imrotate rotates an image about
its center, and arange enumerates a range of floating point
numbers. This computation time could easily be improved
by precalculating the FFT for either f, g or by using the
GPU to perform image rotation and convolution.

For computing the freespace of two solids at n sample
points in SE(d), this o(n logn) slicing approach is within
a log-factor of optimality (since the resulting convolution
function must be sampled at least at Ω(n) points). These
results are clearly better than brute force O(n2) computa-
tion, and moreover, this technique is also faster for homo-
geneous products than the O(n3/2) GFT method proposed
by Kyatkin and Chirikjian[4] and avoids many of the accu-
racy problems related to the band-limiting/aliasing (not to
mention that it is in our humble opinion much simpler to
code). By making the distinction between commutative ho-
mogeneous products and general Minkowski products clear,
we are able to combine the best aspects of both generalized
FFTs and sliced representations in the context of arbitrary
groups, using the commutative factorization when possible
and resorting to full GFTs when necessary.

Path Sweep of object by path

Figure 4: Offset path in configuration space and its enve-

lope. (Using the same objects and obstacles from Fig. 3.)

6.2 Sweeping and Path Planning
Once we have enumerated the freespace, it is relatively

trivial to perform a search within this space to find allow-
able paths an object may take. Given some start and end
configuration, c0, c1 ∈ SE(d), it is easy to generate a path
using a graph searching (e.g., DFS, BFS, Dijkstra, A∗). We
illustrate one such path in Fig. 4 as applied to our previous
example.

Given some offset path P ∈Mor[SE(d)], one can recover
the envelope of a shape T undergoing these motions by ap-
plying the regularized sweep operator, which is defined in
Eqn. 5,

sweep∗(T, P ) = δ∗P−1(T ).

Applying Cor. 1:

δ∗P−1 = V0

0@ 2πZ
0

Z
R2

1S(y)1P (θ, y +Rθ(x))dy dθ

1A .

To compute this integral we proceed as before, only now
we sum θ over SO(2). The results of this computation are
illustrated in Fig. 4. It is a rather convenient aspect of our
framework that the same code for generating freespaces and
obstacles is directly useful for generating sweeps for visual-
ization and debugging purposes.

6.3 Workspaces
The final configuration space problem we shall consider

is workspace computation. We define the workspace of (a
coordinate frame on) a rigid mechanism to be the collection
of all positions and orientations (i.e. elements of SE(3))
which it may reach subject to the constraints imposed by
its joints. The concept of the workspace is used widely
in robotics and manufacturing for planning effective device
configurations, and techniques for either generating or rep-
resenting workspaces have been proposed by a number of
researchers [22, 1, 6]. Most techniques for constructing
workspaces are restricted to devices with either planar move-
ment, specific joint types, or particular connectivity between
components. Workspaces of arbitrary devices can be formu-
lated using Minkowski product and set operations[28]. For
this paper, we shall consider the example of a spherical four
bar chain.

The spherical four bar chain shown in Fig. 5 is one of
the simplest parallel spatial mechanisms where the axes of
all revolute joints intersect at the center of a sphere. Its
components may be regarded as great-circle arcs existing
on the surface of a sphere where link lengths are spherical
angles. By properly proportioning the spherical angles it is



Figure 5: A spherical 4-bar chain forming a universal joint.

Input MCRANK
BASE

SO(3)
⊗ MCOUPLER

CRANK MFOLLOW
BASE

SO(3)
⊗ MCOUPLER

FOLLOW W COUPLER
BASE

Figure 6: This figure illustrates the various stages of com-

puting the spherical 4-bar chain’s workspace using brute force

convolution. Coordinates in SO(3) are visualized in terms axis

angles, with the direction of each point representing the axis

and the length representing the angle. In the input, the col-

ors are mapped to workspaces according to the rule: Red

→MCRANK
BASE ,M

FOLLOW
BASE , Green →MCOUPLER

CRANK , Yellow →MCOUPLER
FOLLOW .

possible to design all of the spherical counterparts to the
planar four bar mechanism [38]. The well known Hooke
or Cardan joint that is the basis of the universal joint is
a special case of the spherical four bar chain. Viewing the
four-bar linkage as two constrained serial mechanisms, it can
be shown[28] that the workspace of the coupler relative to
some base frame of reference is given by the expression

W COUPLER
BASE = M CRANK

BASE

SO(3)

⊗ M COUPLER
CRANK ∩M FOLLOW

BASE

SO(3)

⊗ M COUPLER
FOLLOW ,

where M I
J denotes relative constraints from component J to

I.
Because we are dealing with a spherical mechanism, all of

the relative transformations in the linkages may be viewed
as rotations about a fixed point (ie the center of the sphere),
and so we may reduce the problem to computing workspaces
over SO(3) instead of SE(3), reducing the dimensionality of
the problem from 6 to 3. These workspaces spaces are shown
in Fig. 6. Because SO(3) is non-commutative and the sets
associated to the linkages are arbitrary, the formulation of
this problem requires the full generalized Minkowski prod-
uct.

7. SYMMETRY DETECTION
As a final application, we show that all symmetries of

an object may be computed using the group convolution
operation. Roughly speaking, a symmetry of an object is a
transformation which leaves it unchanged. More precisely,
consider a group G acting on X by ρ. Then a symmetry of
some set S ⊆ X is an element x ∈ G such that:

S = ρg(S)

Given the importance of groups in symmetry, it is intu-
itive to try to look for applications of group morphology
to generalized symmetry analysis. Indeed, we may immedi-
ately see that S = ρx(S) ⇔ S ⊆ ρx(S) ∧ S ⊇ ρx(S) and
so we can conclude that the set of symmetries of S in G is

Figure 7: The 2-dimensional rigid symmetries of a gear

(shown in the upper-leftmost corner). Of the four figures

going from left to right, top to bottom we have: the auto-

correlation function over SE(2), with the central axis denoting

rotation and the xy plane translation; a cutaway of the vol-

ume showing the intensity of the auto-correlation at various

rotation values; a segmented volume with the transparency

adjusted to emphasize the high auto-correlation values along

the central axis.

given by the intersection of the two homogeneous quotients:

{x ∈ G|S = ρx(S)} = S
G
�
X
S ∩ S

G
;
X
S

In theory, this representation of the symmetries of S is
nice, assuming that we can compute S�GX S exactly, but for
the reasons established in section 6.1, this is not possible in
any meaningful way if G is a non-compact, non-commutative
group. Therefore it is more desirable to look for approxi-
mate symmetries of S, that is transformations in G which
nearly make it symmetric. To do this, there are a number
of plausible ‘symmetry measurements’, h : G→ R one could
reasonably propose:

1. Minimize the volume of the symmetric difference:7

h1(x) = −µ(S XOR ρx(S)); (39)

2. Maximize the volume of the intersection:

h2(x) = µ(S ∩ ρx(S)); (40)

3. Minimize L2 distance of indicator functions:

h3(x) = −
‚‚1S − 1ρx(S)

‚‚2
; (41)

4. Maximize the auto-correlation:

h4(x) =
“
1`o(S) ? 1̃`o(S)

”
(x); (42)

Remarkably, all of these criteria turn out to be identical
up to an additive constant factor!8 Yet, in some sense, h4,
is the most fundamental, and has the most direct connec-
tion with the standard commutative definition for 1D signal

7
Symmetric difference, A XOR B = (A ∩ ¬B) ∪ (¬A ∩ B).

8
Proof omitted due to length considerations.



Configuration Modeling Group Morphology Convolution Algebra
Rigid motion group, SE(3) Any group, G G

Collection of motions Structuring element f : G→ R
Euclidean space, R3 Homogeneous space, X X

Solid Morphological signal f : X → R
Union Lattice join +

Intersection Lattice meet �
Complement Complement 1− ·

Volume Haar measure, µ ‖·‖
Reflection Inversion, ·−1 e·
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G
⊗ ?
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G
�,

G
; ?
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X
?

Unsweep Erosion, ε
X
?

Configuration space obstacle Homogeneous product, ⊗GX
X
?

Freespace Homogeneous quotients, �GX ,;G
X

X
?

Figure 8: The Rosetta stone of solid modeling, group morphology and convolution algebras. The leftmost column enumerates

some standard concepts in solid and configuration space modeling, while the center and right columns show the corresponding

concept phrased in terms of group morphology and convolution algebras respectively.

processing. Finding local maxima in the auto-correlation
function corresponds to transformations which happen to
locally match features of the object with itself well. An il-
lustration of this technique is shown in Fig. 7. To compute
these examples, we used the same homogeneous SE(2) con-
volution code that we used to generate the freespace in Fig.
3. In fact, one can see that the expression h from Cor. 3 is
none other than the h4 in this list.

One can compare these results to the reflective symme-
try descriptor proposed in [17, 30]. Indeed, if one fixes
G = E(2) ∼= O(2) o R2 then the resulting distribution h is
precisely the ‘symmetry descriptor’ proposed in their paper.
For 3D shapes, the symmetry detection method proposed by
Mitra et al. [27] can likewise be considered a special case of
this technique, where their definition of a ‘partial symmetry’
can be shown to coincide with a critical point of h for the
group of 3D Euclidean isometries, E(3), [27] or 3D affinities,
GL(3) o R3, [29].

8. CLOSING REMARKS
To recap, the main contributions of the paper are the ex-

tension of configuration space modeling to arbitrary group
morphology and the indicator/sublevel set framework for
convolution based computations. The relationship between
these different systems is illustrated in Fig. 8, which lists
some analogies between configuration space modeling, math-
ematical morphology and convolution algebras. We have
shown that for closed regular sets Minkowski products, quo-
tients, and by extension all group morphological operations,
are encapsulated within a single basic operator: convolution,
which can be computed directly and efficiently using the
Fourier transform. Establishing such a correspondence for
general non-regualized group morphology requires a mathe-
matical machinery that is beyond the scope of this paper.

We observed that convolution encodes additional informa-
tion in the form of the overlap volume (Lemma 1) which is
neglected by the binary Minkowski product. The fact that
convolution is continuous is also useful in constructing ap-

proximations of morphological operators, such as symmetry
detection. On the other hand, the lattice properties of group
morphology underscore the physical and geometric appli-
cations of convolution in mechanical design, robotics, and
solid modeling, which are obscured by the abstract analytic
framework. The net result is that the combination of both
methods is strictly more useful than either individually.
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