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ABSTRACT
Over the last fifty years, there have been numerous efforts
to develop comprehensive discrete formulations of geometry
and physics from first principles: from Whitney’s geomet-
ric integration theory [33] to Harrison’s theory of chainlets
[16], including Regge calculus in general relativity [26, 34],
Tonti’s work on the mathematical structure of physical the-
ories [30] and their discrete formulation [31], plus multifari-
ous researches into so-called mimetic discretization methods
[28], discrete exterior calculus [11,12], and discrete differen-
tial geometry [2,10]. All these approaches strive to tell apart
the different mathematical structures—topological, differen-
tiable, metrical—underpinning a physical theory, in order
to make the relationships between them more transparent.
While each component is reasonably well understood, com-
putationally effective connections between them are not yet
well established, leading to difficulties in combining and pro-
gressively refining geometric models and physics-based simu-
lations. This paper proposes such a connection by introduc-
ing the concept of metrized chains, meant to establish a dis-
crete metric structure on top of a discrete measure-theoretic
structure embodied in the underlying notion of measured
(real-valued) chains. These, in turn, are defined on a cell
complex, a finite approximation to a manifold which ab-
stracts only its topological properties.

The algebraic-topological approach to circuit design and net-
work analysis first proposed by Branin [7] was later exten-
sively applied by Tonti to the study of the mathematical
structure of physical theories [30]. (Co-)chains subsequently
entered the field of physical modeling [4, 18, 24, 25, 31, 37],
and were related to commonly-used discretization methods
such as finite elements, finite differences, and finite vol-
umes [1, 8, 21, 22]. Our modus operandi is characterized by
the pivotal role we accord to the construction of a physi-
cally based inner product between chains. This leads us to
criticize the emphasis placed on the choice of an appropriate
dual mesh: in our opinion, the “good” dual mesh is but a

red herring, in general.

Categories and Subject Descriptors
I.3.5 [Computational Geometry and Object Model-
ing]: Physically based modeling; J.2 [Physical Sciences
and Engineering]: Engineering

General Terms
Discrete calculus, Geometric and physical modeling.

1. INTRODUCTION
The notion of a (finite) cell complex—which we take here
for granted—abstracts the topological features of any rea-
sonable computational mesh, stripping away all its extra-
topological properties. A cell complex is thus an equiva-
lence class of (geometrically different) meshes sharing the
same topology, i.e., the same sets of cells of each dimension
and the same incidence relations. By design, much of the
information included in a concrete mesh is wiped out in the
corresponding cell complex. The rest of the game consists in
rebuilding layer after layer more-than-topological structures
suited to the established discrete setting, i.e., compatible
with the underlying cell complex.

The first move is to change cells into chains, by attaching
a value to each cell. Standard books on algebraic topol-
ogy [17,23] pick these values out of any commutative group,
since this is the minimum apparatus enabling chain addition.
This seems to be done for merely instrumental reasons: stan-
dard books talk of ‘formal sums’. Our attitude—left implicit
in [13], brought to the fore in [14]—is different: we need a
field of scalars, in order to be able not only to add, but also
to scale chains. So, to us a chain complex is the vector space
spanned via linear combination by unit chains, i.e., chains
attaching the unit value to a single cell and the null value to
all the others. Thanks to the linear structure imparted to
the set of chains, cochains naturally appear as linear forms
on chains, i.e., as elements of the algebraic dual of the space
of chains. In this context, the boundary is a linear operator
and the coboundary is its dual.

Moreover, we wish to impart size to cells. We are thus led to
consider real-valued chains, attaching a signed p-measure to
each p-cell. The underlying cell complex is so endowed with
a (discrete) measure-theoretical structure that may be used
to reproduce the measure-theoretical properties of the con-
crete mesh topologically represented by the cell complex: by
definition, a homeomorphic distortion of the mesh does not
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affect the corresponding cell complex; however, it does affect
sizes, in general. Refining or coarsening the mesh changes
both topology and measure (see, e.g., [14, 15, 27]). In par-
ticular, if a cell is split into two, a desideratum is that the
sum of the sizes of the two children cells equals the size of
the parent cell (or, if the splitting refines the geometry, that
the children cells provide a better approximation to the size
of the mimicked patch than the parent cell). Cochains rep-
resent densities with respect to the measures imparted to
cells by real-valued chains, and the duality pairing between
chains and cochains represents integration in a discrete set-
ting.

Measure, however, does not exhaust geometry. To rein-
troduce metric properties, we endow the linear space of
chains of a (proper) Euclidean inner product, i.e., a real-
valued nondegenerate (symmetric and positive definite) bi-
linear form, canonically identifiable with a bijective linear
map of that space into its dual. Introducing an inner product
on chains is tantamount to identifying chains with cochains.
Via this identification—which depends on the inner prod-
uct selected—Hodge star operators may be introdced, and
boundary and coboundary operators (acting respectively on
chains and cochains) may be composed with each other, giv-
ing rise to Laplace-de Rham operators. Changing the inner
product changes neither the boundary nor the coboundary
operators; however, it does change the hierarchy of Hodge
and Laplace-de Rham operators.

The metric structure of the ambient manifold—be it Eu-
clidean or Riemannian—carries basic information on the
physical phenomena taking place on that scene. Therefore,
it is vital that this structure be properly mimicked by dis-
crete geometric models meant to be used for trustworthy
physics-based simulations. To establish a direct link between
the Euclidean structure imparted to the (finite-dimensional)
linear space of chains and the Riemannian metric of the un-
derlying manifold, we associate a local p-vector field with
each unit p-chain, and identify the inner product between
two chains with the inner product between the correspond-
ing multivector fields.1 By doing so, chains are identified
with elements of their dual space, i.e., cochains, in a way
that mimics the metric of the approximated manifold. Then,
boundary and coboundary operators—acting respectively on
chains and cochains—may legitimately be composed with
each other, giving rise to physically meaningful Laplace-de
Rham operators, ubiquitous ingredients of physical theories.

The key idea, in some ways dual to the construction of
Whitney forms for simplicial and non-simplicial cochains
[3, 6, 33, 35, 36], is to associate a p-vector field on M with
each unit p-chain, for p ranging from 0 to d := dimM. This
construction is by no means unique. We want chains to
be smeared into fields so as to satisfy the following con-
ditions: i) representativeness: the p-vector field associated
with a unit p-chain should be tangent to the correspond-
ing mesh element; ii) locality : the support of the p-vector
field associated with a unit p-chain should contain the cor-

1A multivector field attaches smoothly a tangent multi-
vector to each point of a differentiable manifold; at each
point, multivectors are constructed from exterior products
(antisymmetrized tensor products) of tangent vectors: see,
e.g., [9, Ch. 4 § 4].

responding (p-dimensional) mesh element and be contained
in the union of the d-dimensional mesh elements intersect-
ing that p-dimensional mesh element; iii) integrability : each
smearing field should be square-integrable (and normalized
in such a way that the integral of its square equals one);
iv) asymptotic completeness: in the limit of infinite mesh
refinement, all square-integrable multivector field should be
approximated by a linear combination of the smearing fields.

Once a set of suitable smearing fields is constructed, the
Gram matrix G of the unit chains is obtained by defining
the inner product of any two of them to be equal to the
inner product between the corresponding multivector fields
induced by the Riemannian structure of the underlying man-
ifold M. Therefore, G is block-diagonal, all p-vector fields
being thought of as orthogonal to all q-vectors fields, for
p different from q; moreover, each block is asymptotically
sparse, since the intersection of the supports of most pairs
of smearing fields is negligible in a reasonably fine mesh.

The same local multivector fields are used to construct a
wedge product of chains, in a way analogous to what is done
in [35, 36] for cochains. We, on the contrary, work on the
chain side, defining the wedge product of two unit chains
as the integral of the wedge product of the corresponding
smearing fields. Here the locality requirement plays a cru-
cial role, since multivector fields can only be integrated on
a chart. The exterior multiplication, extended to all chain
pairs via bilinearity, is then transferred to cochain pairs via
the chain-cochain identification associated with the inner
product. Hence, the construction of the Hodge dual of a p-
cochain in a d-dimensional manifold—another important in-
gredient of physical theories—uses the inner-product struc-
ture twice: directly, when a (d−p)-chain is transformed into
a (d−p)-cochain; and indirectly, when the wedge product
is taken between the p-cochain under consideration and a
general (d−p)-cochain.

1.1 Overview
In the following, we consider a cell complex K representing
a finite partition of a Riemannian manifold modeled on Ed,
i.e., a real differentiable d-dimensional manifoldM in which
each tangent space is equipped with a Euclidean inner prod-
uct (i.e., a symmetric, positive-definite bilinear form), which
varies smoothly from point to point. Of course, the Eu-
clidean d-dimensional space Ed is itself a (very special) Rie-
mannian manifold. The hierarchy of measures (length, area,
volume, . . . ) induced by the metric structure of M surfaces
already in Section 2.1, where it is mimicked by measured
chains. Sections 2 to 5 summarize from [14] what is needed
to make this paper self-contained. Section 6 introduces the
concept of metrized chains, which allows us to produce a hi-
erarchy of Laplace-de Rham operators on cochains that ap-
proximate the corresponding Laplace-Beltrami operators on
differential forms over M (Section 7). The tools introduced
in Section 6 are then used to construct exterior algebras of
chains and cochains and Hodge duals (Section 8). Prelimi-
nary numerical results for a set of toy problems—the scalar
Poisson equation on 2D tori endowed with different metric
structures (flat and curved)—are presented and discussed in
Section 9.
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2. CHAINS
Preliminary to the introduction of p-chains, we define the
p-skeleton Kp ⊂ K of a cell complex K as the subset of
oriented p-cells of K, and denote with kp its cardinality.
The p-skeleton Kp will be ordered by labeling each p-cell

with a positive integer: Kp = (σ 1
p , . . . , σ

kp
p ).

Let (G ,+) be a (nontrivial) abelian group. A p-chain on K
with coefficients in G is a mapping cp : Kp → G such that,
for each σ ∈ Kp, reversing a cell orientation changes the sign
of the chain value:

cp(−σ) = −cp(σ) .

Chain addition is defined by addition of chain values. If
c 1
p , c

2
p are two p-chains, then (c 1

p + c 2
p )(σ) = c 1

p (σ) + c 2
p (σ),

for each σ ∈ Kp. The resulting (abelian) group is denoted
Cp(K; G ).

Let σ be an oriented cell in K and g∈G . Then, the elemen-
tary chain gσ is defined as the chain whose value is g on σ,
−g on −σ , and 0 ∈ G on any other cell in K. Each chain
may then be written in a unique way as a (finite) sum of
elementary chains:

cp =

kpX
k=1

gk σ
k
p . (1)

If we take for G the smallest nontrivial group, i.e., G =
{−1, 0, 1}, then cells can only be discarded or selected, pos-
sibly inverting their orientation.

2.1 Measured Chains
Since we also want to scale chains, we need them to take
values in a field of scalars F. In fact, mesh refinement (and
coarsening) requires chains to be also scaled, and so addi-
tion and subtraction of chains do not suffice. Chains are
then endowed with the additional structure imparted to F
by multiplication. For reasons expounded below, we take in
particular F = R, the real field. Real-valued chains—without
an explicit mention of scale and size—were already present
in the 1957’s book by Whitney [33]: in fact, he meant to
establish a geometric foundation for integration.

Real-valued chains may be used to attach a signed p-measure
to p-cells, i.e., length to 1-cells, area to 2-cells, volume to 3-
cells, and so on, thus restoring part of the geometrical infor-
mation stripped away by the purely topological construction
of a cell complex.

Thanks to the multiplicative structure of the real field, all
R-valued elementary chains on the p-cell σkp are multiples

(or submultiples) of the unit chain ukp, whose value is 1 on

σkp , −1 on −σkp and 0 on any other cell in Kp. Therefore,
each chain cp can be seen as a linear combination of unit
chains, and Cp(K; R) as a linear space over R, spanned by
the set of unit p-chains, which constitutes its standard basis:

cp =

kpX
k=1

λk u
k
p . (2)

We stress the fact that the representation (1) would formally
coincide with (2), if each cell σkp were identified with the cor-

responding unit chain ukp. However, this seemingly harmless

choice should definitely be avoided, being equivalent to as-
signing one and the same size to all cells. Conversely, we
want to adjust cell sizes, by identifying each cell with a se-
lected elementary chain, i.e., a multiple of the corresponding
unit chain:

σkp ∼= µkp u
k
p , (3)

the scalar µkp being the size imparted to the cell σkp . The

size µkp is assumed to be positive—the orientation being ac-

counted for by ukp —and significantly different from zero:

µkp� 0 .2 0-cells are systematically given a unit size: µk0 =

1 ⇔ σk0 ∼= uk0 . Our motivation is illustrated in the following
example.

Example 1 (Chains vs. Cells). Three different par-
titions of the same 2-D interval are arranged in Figure 1.
For the sake of clarity, only 2-cells are labelled with the cor-
responding elementary chains. The leftmost and rightmost
partitions are identical as cell complexes, i.e., on mere topo-
logical grounds. As chain complexes, however, they may dif-
fer: their two elementary 2-chains, if meant to represent
(cell area)/(overall area), take the values (.5, .5) for the left-
most mesh, and (.75, .25) for the rightmost one. The middle
mesh is a refinement of the leftmost one: its 3 elementary
2-chains take the values (.5, .25, .25).

!2
2

!1
2 !1

2

!2
2

!3
2 !2

2

!1
2

Figure 1: Three 2-complexes.

3. COCHAINS
By definition, the group of p-cochains of K with coefficients
in G is the group of homomorphisms of Cp(K; G ) into G :

C p(K; G ) := Hom(Cp(K; G ),G ),

i.e., γ p ∈ C p(K; G ) if and only if γ p : Cp(K; G )→ G and

γ p
“ kpX
k=1

gk σ
k
p

”
=

kpX
k=1

γ p
“

gk σ
k
p

”
for all (g1, . . . , gkp) ∈ G kp .

If (co-)chains are real-valued, then γ p(λup) = λ γ p(up), and
each cochain γ p can be seen as a linear combination of the
unit p-cochains η p1 , . . . , η

p
kp

, whose value is 1 on a unit p-

chain and 0 on all others:

γ p =

kpX
k=1

λk η pk , where η pj (uip) =


1 if i = j ;
0 otherwise.

(4)

Therefore, the space C p(K; R) can be seen as the dual space
of Cp(K; R). It is spanned by the set of unit p-cochains,

2In Equation (5) cell sizes will be used as divisors.
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which constitutes the basis dual to the standard basis of
Cp(K; R). The evaluation of a real-valued cochain is aptly
denoted as a duality pairing, in order to stress its bilinear
property:

γ p(cp) = 〈γ p, cp〉.
Real-valued cochains represent densities with respect to the
measures imparted to cells by real-valued chains, and the
above duality pairing is a discrete preliminary to integration:
its value yields the integral of the density γ p over the chain
cp, i.e., the content in the support of cp of the quantity
gauged by γ p.

4. BOUNDARY AND COBOUNDARY
The boundary operator

∂p : Cp(K)→ Cp−1(K)

is first defined on simplices (see, e.g., [23]). The next step
is to extend ∂p to cells by partitioning them into simplices,
and assuming ∂p to be additive. The boundary operator is
then extended to elementary chains, by taking

∂p(gσ) := g(∂pσ) ,

and finally to all chains by additivity. Furthermore, ∂p is
assumed to preserve the linear structure real-valued chains
are endowed with.

The coboundary operator

δ p : C p(K) → C p+1(K)

acts on p-cochains as the dual of the boundary operator ∂p+1

on (p+ 1)-chains: for all γ p ∈ C p and cp+1 ∈ Cp+1,

〈δ pγ p, cp+1〉p+1 = 〈γ p, ∂p+1 cp+1〉p .
For once, we have labelled each duality bracket with the di-
mension of the (co-)chains it acts on. Recalling that chain-
cochain duality means integration, the reader will recog-
nize this defining property as the combinatorial archetype
of Stokes’ theorem. Denoting the dual of an operator by
starring its symbol, we shall write:

δ p = ∂ ∗p+1 .

By definition, the coboundary operator is a homomorphism
preserving the linear structure real-valued cochains are en-
dowed with.

Example 2 (Boundary Operator). Let us consider
the 2-chain c2 = σ1

2 +σ2
2 on the complex K in Figure 4 (left).

For the sake of clarity, only 1- and 2-cells are labelled with
the corresponding elementary chains. The boundary opera-
tor ∂2 :C2(K)→ C1(K) applied to c2 sums up all contribu-
tions from the elementary 2-cells σ1

2 and σ2
2, accounting for

the relative orientation between 1- and 2-chains. As a con-
sequence, the two contributions from the interface σ2

1 cancel
out (cf. [23, Ch. 4 § 39]), yielding the result sketched in Fig-
ure 4 (right): ∂2c2 = σ1

1 − σ3
1 − σ4

1 − σ5
1 + σ6

1 + σ7
1.

Example 3 (Coboundary Operator). In electro-
statics, the electrostatic potential is a scalar field φ :M→
R. Its discrete counterpart is φ0, the 0-cochain sampling it

!1
2

!2
2

!1
1

!2
1

!3
1

!4
1

!5
1

!6
1

!7
1

!1
1

!6
1

!7
1

!!3
1

!!5
1

!!4
1

c2

Figure 2: A 2-chain c2 = σ1
2 + σ2

2 and its boundary.

at the 0-cells of the complex K. The electric field E is the
negative gradient of the electrostatic potential: E = −∇φ .
Its discrete equivalent is the 1-cochain C 1 = − δ 0φ0, sam-
pling its circulation along 1-chains on K. For an in-depth
exposure to a discrete geometrical treatment of electromag-
netics, we refer the interested reader to [4, 32].

5. INCIDENCE & ADJACENCY MATRICES
Since p-chains and p-cochains form dual linear spaces, they
lend themselves to the usual representation of vectors and
covectors as column and row matrices . The standard basis
of Cp(K) and the dual basis of C p(K) will be used through-
out.

The components g1, . . . , gkp of a p-chain cp in (2) may be
organized into a column matrix cp = [cp]. Analogously,
the components g1, . . . , gkp of a p-cochain γ p in (4) may be
organized into a row matrix y p = [γ p]. The duality pairing
between γ p and cp is represented by a matrix product:

〈γ p, cp〉 = [γ p][cp].

Furthermore, we shall represent ∂p by means of the kp−1×kp
matrix [∂p] of its components with respect to the standard
bases of Cp(K) and Cp−1(K).

Analogously, we shall represent δ p by means of the kp+1×kp
matrix [δ p] of its components with respect to the standard
bases of C p(K) and C p+1(K), i.e., the bases dual to the
standard bases of Cp(K) and Cp+1(K).

Since we use dual bases, matrices representing dual opera-
tors are the transpose of each other: for all p = 0, . . . , d−1 ,

[δ p] = [∂p+1]t .

The intersection between p-cells and relatively closed (p+1)-
cells may be characterized by the p-incidence matrix Bp

(see, e.g., [20, 22, 29]), whose entries B ij
p are defined as fol-

lows:

B ij
p = 0 if σip ∩ σjp+1 = ∅ , σ being the closure of σ;

B ij
p = ±1 otherwise, with +1 (−1) if the orientation

of σip is equal (opposite) to that of the cor-

responding face of σjp+1 .

We now introduce the notion of measured p-incidence, by
defining a matrix Mp whose entries M ij

p depend on both
topology (through p-incidence) and measure (through cell
size):

M ij
p := (µip/µ

j
p+1)B ij

p . (5)
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It should be no surprise that Mp is exactly the matrix rep-
resenting the boundary operator ∂p+1 with respect to the
standard bases of Cp+1 and Cp (here and in the following,
the complex K is often left implied):

[∂p+1] = Mp . (6)

Consequently, its transpose represents the coboundary op-
erator δ p with respect to the dual bases of C p and C p+1:

[δ p] = Mt
p . (7)

If size represents length, area, volume for 1-, 2-, and 3-cells,
respectively, then measured-incidence matrices have physi-
cal dimension (length)−1. Hence, [∂] and [δ] act as first-order
difference operators (cf. [1, 19]).

In graph theory, the adjacency matrix of vertices is one of
the many representations of a graph, i.e., a 1-complex K ∼=
(K0,K1). The well-known relation between incidence and
adjacency matrices of a graph can be extended to incidence
and adjacency matrices of all orders p ≤ d of a general d-
complex, for any d ∈ N .

Let Mp be the above introduced measured p-incidence ma-
trix. By post- and pre-multiplying it by its transpose, you
obtain respectively:

A+
p := Mp Mt

p , A−p+1 := Mt
p Mp . (8)

The (symmetric) matrix A+
p is, by definition, the adjacency

matrix between p-chains through (p+1)-chains; analogously,
A−p+1 is the adjacency matrix between (p+1)-chains through
p-chains.

6. METRIZED CHAINS
As established by (6) and (7), Mp represents the boundary
operator ∂p+1 with respect to the standard bases of Cp+1

and Cp, and its transpose Mt
p the coboundary operator δ p

with respect to the dual bases of C p and C p+1. There-
fore, their products in (8), while legitimate as matrix op-
erations, cannot possibly represent products of boundary
and coboundary operators, unless chains are identified with
cochains. This identification is performed by introducing a
sequence of linear isomorphisms Gp (0 ≤ p ≤ d) between
chain spaces and their dual cochain spaces:

· · · Cp+1 Cp Cp−1 · · · C1 C0 .

· · · Cp+1 Cp Cp−1 · · · C1 C0

Gp+1 Gp Gp−1 G1 G0

∂p+2 ∂p+1 ∂p ∂p−1 ∂1

δp+1 δp δp−1 δp−2 δ0

A non-degenerate bilinear form gp : Cp×Cp → R is associ-
ated with each isomorphism Gp, thus establishing an inner-
product structure on the space of p-chains:

gp(c
i
p, c

j
p ) := 〈Gp cip , c jp 〉 . (9)

The inner product gp is symmetric if and only if the iso-
morphism Gp is self-dual, i.e., G∗p = Gp. The inverse of the
dual

G p := (G∗p)
−1

endows the space of p-cochains with the inner product
gp : C p × C p → R defined analogously to Equation (9):

gp(γ pi , γ
p
j ) := 〈G p γpi , γ

p
j 〉 = 〈γpi , G−1

p γ pj 〉 , (10)

so that gp(Gp c
i
p, Gp c

j
p ) = gp(c

i
p, c

j
p ) holds identically.

The isomorphism Gp and the associated bilinear form gp
are represented by the Gram matrix Gp, whose entries G ij

p

are the components of the Gp-images of the elements of the
standard basis of Cp in the dual basis of C p:

Gp u
i
p =

kpX
j=1

G ij
p η

p
j ;

equivalently,

G ij
p := gp(u

i
p, u

j
p) .

It is easily seen that the Gram matrix Gp representing G p

and gp is the inverse transpose of Gp:

Gp = G−tp .

The trivial inner product is defined by the assumption:

Gp = Gp = I kp×kp ⇔ Gp u
i
p = ηpi . (11)

It makes the standard bases of Cp and C p orthonormal,
identifying each unit chain with the corresponding unit co-
chain. Assumption (11), while expedient to use on any given
K, is totally unrelated—in general—to the geometric prop-
erties relevant to the physical phenomena taking place on the
underlying manifold M. Dealing properly with the identifi-
cation between chains and cochains is essential for importing
into the discrete model the relevant, physics-based metric
structure. This issue is also basic to gain the possibility of a
meaningful information transfer from a cell complex to any
of its refinements (and vice versa), and to establish a notion
of convergence for refinement sequences.

To bridge the metric gap between the Riemannian manifold
M and the cell complex K supposed to approximate it, we
associate with each unit p-chain a p-vector field on M. By
doing so, we establish a linear mapping of the space of p-
chains into the space of p-vector fields:

Sp : Cp(K)→ Xp(M) , (12)

which we call p-smearing map. Let us call unit p-vector
fields the images of unit p-chains under Sp. The support of
each unit p-vector field Sp up contains the corresponding p-
dimensional mesh element and is contained in the (closure of
the) union of the d-dimensional (d=dimM) mesh elements
intersecting that p-dimensional mesh element. Secondly, the
unit p-vector field Sp up is tangent to the corresponding
mesh element.3 Thirdly, it is square-integrable (and normal-
ized in such a way that the integral of its square equals one).
Obviously, these criteria may be satisfied in infinitely many
ways (but all reasonable choices should be asymptotically
equivalent—with varying rates of convergence, though). In
Section 9 we explore the lowest order construction, based on
piecewise constant p-vector fields.4

3This property implies that Sp up takes simple values, i.e.,
it can be obtained as the wedge product of p 1-vector fields.
4Constant on a chart, of course (see Section 8).
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Once the p-smearing map Sp is selected, the Gram matrix
Gp is computed through integration on M:

G ij
p =

Z
M

`
Sp u

i
p

´
(x)·`Sp ujp´(x) dV (x) , (13)

where the inner product between p-vectors tangent to M
at x ∈ M is denoted as a dot product, and dV (x) is the
d-volume form induced by the Riemannian metric on TxM.
Clearly, the properties of the dot product are inherited by
gp, which turns out to be symmetric and positive definite.
Hence, Gp is self-dual and Gp = G−1

p . Moreover, since for
a reasonably fine mesh the intersection of the supports of
most unit p-vector fields is negligible, Gp is sparse.

We call metrized p-chains the elements of the linear space Cp
endowed with the Euclidean inner product gp characterized
by the Gram matrix (13).

7. LAPLACE-DE RHAM OPERATORS
The adjoint (or transpose) ∂>p+1 of the boundary operator
∂p+1 is characterized by the property:

Gp
`
∂p+1cp+1, cp

´
= Gp+1

`
cp+1, ∂

>
p+1cp

´
,

to be satisfied for all cp ∈ Cp and cp+1 ∈ Cp+1. It is easily
checked that

∂>p+1 = G p+1 ∂ ∗p+1Gp .

Consequently (recall Equation (7)),

[∂>p+1] = Gp+1Mt
p Gp .

Therefore, the (symmetric) adjacency operators

∂p+1∂
>
p+1 , ∂>p+1∂p+1 (14)

are represented respectively by the matrices

Mp Gp+1 Mt
p Gp , Gp+1 Mt

p Gp Mp .

The discrete Laplace-de Rham operators are defined as sums
of duals of adjacency operators: for all 0 ≤ p ≤ d ,

∆p :=
`
∂p+1∂

>
p+1 + ∂>p ∂p

´∗ = (δp)>δp + δp−1 (δp−1)>, (15)

it being intended that ∂0 and δd (and hence (δ0)>and ∂>d ) are
null. The Laplacian on p-cochains is therefore represented
by the matrix

[∆p] = Gp Mp Gp+1 Mt
p + Mt

p−1 Gp−1 Mp−1 Gp. (16)

Hence, recalling Equation (8), we see that the straightfor-
ward representation

[∆p] = A+
p + A−p

is only valid if the inner product hierarchy is trivial.

8. WEDGE PRODUCTS & HODGE DUALS
It is instructive to observe that, while the discrete coun-
terpart of exterior differential calculus is a native feature
of chain complexes, constructing an exterior algebra out of
them is much subtler.

We define the wedge product between two unit chains using
the smearing maps (12) introduced in Section 6 to define
their inner product. We do so much in the same way as

Wilson does for simplicial cochains [35, 36], keeping with
Withney’s approach [33].

Let us pick two unit chains, uip and ujq. If p = q and i = j,

then uip∧ujq = 0. Otherwise, let σip and σjq be the cells under-

lying uip and ujq, respectively. Either there is one (p+ q)-cell,

say σkp+q, that is a coface of both σip and σjq , or there is none.5

In the latter case, uip ∧ ujq = 0 (the finer the mesh, the more
frequent this case). Otherwise, let U ⊂ M be a coordinate
patch covering the support of σkp+q and ϕ : U → Ed the cor-
responding coordinate map. We compute the (p+ q)-vector
(tangent to Ed)

w =

Z
U
ϕ∗̀ Sp u

i
p

´˛̨
x
∧ ϕ∗̀ Sq u

j
q

´˛̨
x
dV (x) , (17)

with ϕ∗ the pushforward of tensor fields fromM to Ed, and
take its orthogonal projection Pw onto the (p+ q)-direction
spanned by the (p+ q)-vector

v =

Z
U
ϕ∗̀ Sp+q u

k
p+q

´˛̨
x
dV (x) 6= 0 , (18)

where ukp+q is the unit chain associated with the cell σkp+q.
Then, there is one λ ∈ R such that

Pw = λv ,

and we posit

uip ∧ ujq :=λukp+q . (19)

This product, extended to all chain pairs via bilinearity, is
then transferred to cochain pairs via the chain-cochain iden-
tification associated with the inner product (13):

γpi ∧ γqj := Gp+q
“`
G−1
p γpi

´∧`G−1
q γqj

´”
. (20)

As observed and analyzed in [11, 35, 36], these products are
anti-commutative but not associative—however, associativ-
ity is asymptotically recovered in the limit of infinite mesh
refinement.

Once the wedge product of cochains is available, the Weyl
duality between p-cochains and (d−p)-chains is readily con-
structed, since we have at our disposal a natural volume
cochain: the d-cochain ωd= η d1 + · · ·+ η dkd , whose value is 1
on every unit d-chain:

〈ωd, uid〉 = 1 , ∀ i = 1, . . . , kd .

The Weyl dual �γp of a p-cochain γp is the only (d−p)-chain
such that

〈γd−p, �γp〉ωd = γd−p∧ γp, (21)

for each γd−p ∈ Cd−p. Then, the Hodge dual ∗γp of γp

is the (d − p)-cochain identified with its Weyl dual by the
inner-product isomorphism Gp:

∗γp := G−1
p �γp. (22)

As observed in Section 1, this Hodge duality depends on the
inner-product structure explicitly through Equation (22), and
implicitly through the construction (20) of the wedge prod-
uct used in Equation (21) to define the Weyl duality.

5The cell Σ is a coface of σ if (and only if) σ is a face of Σ.
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9. SOME NUMERICAL EVIDENCE
To highlight the basic features of our approach, we solve
the simplest nontrivial problem we can imagine: the scalar
Poisson equation on a 2D torus

∆u = f on T , (23)

where T is diffeomorphic to the Cartesian plane R2 with
reals taken modulo 2π. As for the metric, we shall endow
T with different Riemannian structures, induced by various
embeddings into E3. In all cases, our computational domain
is a periodic cell, namely the square D := [0, 2π]×[0, 2π] with
opposite sides identified, i.e., with 2π ∼= 0. D is straightfor-
wardly subdivided into an n×n square mesh, possibly with
local quadtree refinements. The discrete counterparts of the
source f and the unknown field u are 0-cochains, and hence
the Laplace-Beltrami operator ∆ is replaced by

∆0 = (δ0)>δ0 ,

represented by the matrix

[∆0] = G0 M0 G1 Mt
0 with G1 = G−1

1

(see Equations (15) and (16)). Problem (23) and its discrete
analogs have no solution, unless the source f has null mean
value. Correspondingly, when this compatibility condition
is satisfied, the solution u is unique to within a constant.
For the sake of comparison, we shall normalize solutions by
taking their mean value to be zero.

Since the standard basis of 0-chains is assumed to be or-
thonormal, G0 = I k0×k0 . Also the measured 0-incidence
matrix M0 is readily available. Hence, the gist is all about
constructing G1 and computing its inverse.

Our first tests (see Examples 4 and 5) are done on a flat
torus: we either (i) embed isometrically D (alongside with
its periodic images) into E3, or (ii) embed it isometrically
and then shear it by π/4 as shown in Figure 3 (right). In
case (i), illustrated in Figure 3 (left), also the standard basis
of 1-chains turns out to be orthonormal: G1 =I k1×k1 , and

[∆0] = M0 Mt
0 = A+

0 .

It is not so in case (ii), where each “horizontal” 1-chain is
no longer orthogonal to the four adjacent “slanting” 1-chains
(and vice versa). The shear affects also the matrix M0 in
an obvious way: only the size of “vertical” 1-cells changes

Figure 3: Supports of the smearing vector fields of
two adjacent 1-chains: “horizontal” in red, “verti-
cal” (left) or “slanting” (right) in blue. The only
contribution to integral (13) comes from their in-
tersections, which have the same nonnull area in
both cases; however, the integrand is null on the
left, strictly positive on the right.

Figure 4: The exact solution to the problem in Ex-
ample 4 (purple) compared with the numerical so-
lutions obtained with an orthogonal mesh (case (i),
blue) and the same mesh sheared by π/4 (case (ii),
red). All solutions given as a function of the “hori-
zontal” coordinate ξ ∈ [0, 2π].

by a factor of
√

2, while the 0-incidence matrix B0 stays the
same.

Example 4 (Smooth Source). Let f(ξ, η) = − sin ξ.
The exact solution of Equation (23) is then u = −f . Fig-
ure 4 collects the exact solution (purple) and the numerical
solutions obtained with a 20× 20 orthogonal mesh (case (i),
blue) and the same mesh sheared by π/4 (case (ii), red).

Example 5 (Dirac Source). The source consists now
of two opposite Dirac atoms, concentrated respectively in
(π/4, π/4) and (3π/4, π/4). The exact solution (not shown)
has logarithmic singularities, which obviously get smeared in
the numerical approximation. Figure 5 (top) shows the graph
of the solution we obtain with the same mesh as in the pre-
vious example in case (i). Its cross section (blue) through
the two near-singularities is compared with the cross section
(red) obtained in case (ii).

Examples 4 and 5 attest that even a severe mesh distortion
does not degrade appreciably the precision of our numerical
solution.

Our next tests (see Examples 6 and 7) are done on curved
tori. Namely, we consider surfaces of revolution generated
by revolving a circle of radius r in E3 about an axis coplanar
with the circle, whose distance from its centre is R > r. We
generate the surface T1 of a fat doughnut by taking R = 3.5,
r = 2.5 and the surface T2 of a slim inner tube by taking
R = 5.95, r = 0.05. T1 and T2 are endowed with the 2D
Riemannian metric induced by the ambient 3D Euclidean
metric. Contrary to T1, the metric of T2 is nearly flat, due
to its small ratio r/R. We map T1 and T2 onto the compu-
tational square D in such a way that the coordinate ξ is the
angle of revolution and the smallest circle (of radius R−r)
goes onto the side η = 0 ∼= 2π.

Example 6 (Smooth Source on Curved Tori).
We take the same source f(ξ, η) = − sin ξ as in Example 4.
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Figure 5: Numerical solution to the problem in Ex-
ample 5 with an orthogonal mesh (top); its cross sec-
tion (blue) along the line η = π/4 is compared with
the cross section (red) obtained in case (ii), both
cross sections being given as a function of the “hor-
izontal” coordinate ξ ∈ [0, 2π] (bottom).

While still compatible, f is no longer an eigenfunction of
the Laplace-Beltrami operator. The solution we obtain on
T1 is color coded on the 3D-embedded torus and graphed on
D in Figure 6. The solution for T2 is also graphed on D: as
expected, in this case we essentially recover the solution for
the flat Laplacian in Example 4.

Example 7 (Dirac Source on Curved Tori). We
take the same singular source as in Example 5. Being con-
centrated in two opposite atoms, it is compatible indepen-
dently of the metric. The solution we obtain on T1 is graphed
on D in Figure 7. The same figure compares its cross sec-
tion (black) through the two near-singularities with the cross
section (green) of a reference solution obtained with a third-
party commercial software on a much finer mesh. The same
is done for the solution obtained on T2, whose cross sec-
tion (black) is compared with an analogous reference solu-
tion (red). Note that this solution essentially coincides with
the exact asymptotic solution attained for r/R ↓0. Figure 8
compares the solution (same as above) obtained on T2 us-

ing a uniform mesh with the one computed introducing local
quadtree refinements at the two near-singularities.

To offer a basis for the conjecture we shall advance in our
conclusions, let us go back to the sheared square mesh la-
belled as case (ii) in Examples 4 and 5. Let u1

1 and u2
1 de-

note the unit 1-chains associated respectively with the “hor-
izontal” red 1-cell and the “slanting” blue 1-cell in Figure 3
(right). The Euclidean geometry of the flat torus T allows
us to integrate the corresponding smearing vector fields with
respect to (constant) 2-volume form dA induced by the Eu-
clidean metric of T :

ei :=

Z
T

`
S1u

i
1

´
(x) dA (i = 1, 2) .

Let c ∈ T be the point in the support of the 0-face shared
by the red and blue 1-cells, and take the pair (e1, e2) as a
basis of the space TcT tangent to T at the center c. By
construction,

e1 · e1 = e2 · e2 = 1 , e1 · e2 = 1/
√

2 .

Since all 0-cells see the same surrounding mesh, this result is
independent of the location of the center. The basis (e1, e2)
is reproduced four times in Figure 9 (red and blue solid vec-
tors), together with successive approximations to its recip-
rocal basis (e1, e2), such that

ei · ej =


1 if i = j ;
0 otherwise.

By construction, the reciprocal basis is exactly provided by
the integral

ei =

Z
T

`
S1G

−1
1 ui1

´
(x) dA (i = 1, 2) ,

while the four approximations (blue and red dashed vectors)
displayed in Figure 9 are provided by the truncated integral

ẽiρ :=

Z
Nρ(c)

`
S1G

−1
1 ui1

´
(x) dA (i = 1, 2) ,

where ρ is a positive integer parameterizing the neighbor-
hood Nρ(c) :=

˘
c+ λ1e1 + λ2e2

˛̨−ρ ≤ λ1≤ ρ ,−ρ ≤ λ2≤ ρ¯.
The results arranged in Figure 9 from left to right corre-
spond respectively to ρ = 1, ρ = 2, ρ = 4, and ρ ≥ 8. What
is most important is that the same results are substantially
replicated with the same values of the cutoff ρ on a finer
(40×40) mesh. In conclusion, the reciprocal basis is more
delocalized than the primal one—when this is skew—, but
not effectively globalized. This paves the way to efficient
local algorithms for computing inverse Gram matrices.

10. CLOSING REMARKS
We agree with Desbrun et al. [12] that “[t]he development
of an accurate, yet fast to compute, Hodge star is still an
active research topic.” Since Hodge duality and inner prod-
uct are essentially one-to-one (cf. Equation (22) and [5]),
the same can be said of the inner product. Either way, up
to now attention has been focused on the notion of dual cell
complex, and the issue of choosing a “good” dual complex
has been variously elaborated (see, e.g., [11] for a discussion
of the circumcentric vs. the barycentric dual of a simplicial
complex).
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Figure 6: Numerical solutions to the problem in Example 6: color coded on the torus (left) and graphed on
the computational domain D (center) for the fat torus T1; graphed on D for the slim torus T2 (right).

Figure 7: The numerical solution to the problem in Example 7 for the fat torus T1 is graphed on D (right); its
cross section (black) along the line η = π/4 is compared with the cross section (green) of a reference numerical
solution (center). The same is done for the slim torus T2 (right); here the reference solution is in red.

Figure 8: The numerical solutions to the problem in Example 7 for the fat torus T1 obtained with a uniform
mesh (left) and with a locally refined mesh (center) are color coded on the torus; the local quadtree refinement
is shown on the right.
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Figure 9: The primal basis of the tangent space attached to the center of the patch shown in Figure 3 (right)
is replicated four times (red and blue solid vectors); the accompanying dashed (red and blue) pairs represent
the approximate reciprocal bases computed for di!erent values of the cuto! !. The exact reciprocal basis is
essentially recovered for ! ! 8.

On the surface, it seems like we do not have—and do not
care about—a dual complex. In actual fact, the isomorphism
we construct in Section 6 establishes the cochain complex as
the good dual complex, but such a complex is abstract and
delocalized, and cannot be associated to a cell complex—if
not asymptotically in the limit of infinite mesh refinement.

So, in our view the point is not to find the “good” dual cell
complex, but to use reasonably good dual cell complexes as
a tool for developing convenient, higly localized approxima-
tions to the abstract, delocalized cochain complex we have
introduced. Further study should be devoted to explore this
line of attack.
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On the surface, it seems like we do not have—nor we care
about—a dual complex. In actual fact, the isomorphism
we construct in Section 6 establishes the cochain complex
as the good dual complex, but such a complex is abstract
and delocalized, and cannot be simply associated with a cell
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So, in our view the point is not to find the “good” dual
mesh, but to use a reasonably good dual mesh as a tool
for developing convenient, highly localized approximations
to the abstract, delocalized cochain complex we have intro-
duced. Further study should be devoted to explore this line
of attack.
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